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SPECTRAL CHARACTERS OF A CLASS OF INTEGRABLE
REPRESENTATIONS OF TOROIDAL LIE ALGEBRAS
TANUSREE KHANDAI
Abstract. In this paper we study the subcategory of finite-length objects of the category
of positive level integrable representations of a toroidal Lie algebra. The main goal is to
characterize the blocks of the category. In the cases when the underlying finite type Lie algebra
associated with the toroidal Lie algebra is simply-laced, we are able to give a parametrization
for the blocks.
1. Introduction
Toroidal Lie algebras are generalizations of affine Kac-Moody Lie algebras. In [MRY, MR] a
k-toroidal Lie algebra Tk(g) was defined as the universal central extension of the Lie algebra of
polynomial maps from (C∗)k to a finite-type Kac-Moody Lie algebra gfin, for k ∈ N. Ever since
the structure and representation theory of these Lie algebras have been extensively studied. In
contrast to the one-dimensional center of an affine Kac-Moody Lie algebra gaff , the k-toroidal
Lie algebras have a Zk-graded infinite-dimensional center and this makes the study of their
representations more interesting. The representation theory of gaff has been a subject of
interest for the past three decades[C, CG, CM, CP1, CP2, Kac, R2, VV]. In recent years,
many of the methods that were developed to study the latter have been extended to study
integrable representations of toroidal Lie algebras and its quotients by central ideals of finite
co-dimension [CFK, CL, FL, Kh, KL, NS, S, R1, R3, RFS]. In this paper we continue with
the project.
Let Ifin be the category of integrable Tk(g)-modules with finite-dimensional weight spaces
and let I∗fin be the full subcategory of Ifin consisting of Tk(g)-modules on which the central
elements act non-trivially. The simple objects of the category Ifin have been classified in [R1,
Kh]. It is however known that the category I∗fin is not semisimple. One is therefore interested
in the descriptions of the blocks of the category. In this paper we study the subcategory of
finite-length objects in I∗fin and in certain cases, give a parametrization for the blocks of this
subcategory.
The structure of the category F of finite-dimensional representations of gaff was studied in
[CM]. Defining an equivalence relation on the objects of F , it was proved that the category F
can be decomposed into blocks that are parameterized by finitely supported functions from C∗
to Γ, the quotient of the weight lattice of gfin by the root lattice of gfin. Using the exactness
of the loop functor L : F → Ifin (which maps a finite-dimensional gaff -module V to the
integrable gaff -module V ⊗C[t
±1] in Ifin) it was proved in [CG], that the category of graded
level zero integrable representations with finite-dimensional weight spaces of gaff can similarly
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be decomposed into blocks and these blocks are parametrized by orbits for a natural action of
the group C∗ on the set of finitely supported functions from C∗ to Γ.
The first extension groups for finite-dimensional irreducible representations of generalized
current Lie algebras, twisted current algebra and equivariant map algebras which include
the multiloop Lie algebras was studied in [Ko, AL] and [NS] respectively. While, by using
the results of [NS], the techniques of [CM, CG] can be extended verbatim to obtain block
decomposition of the subcategory I
(0)
fin of Ifin on which the center acts trivially, they do not
help in determining the structure of I∗fin. One of the main problems that arise is the fact
that the indecomposable modules in I∗fin do not have finite-length (or pseudo finite-length)
property. As a first step towards the study of the structure of the category I∗fin, we therefore
restrict our attention to the subcategory J+int of I
∗
fin of finite-length objects of positive level.
Let Π be the set of finitely supported functions from (C∗)k−1 to P+aff , the set of dom-
inant integral weights of gaff . It is known from [R1, Kh] that the simple objects in I
∗
fin
are parametrized by the set of tuples {(π, s) : π ∈ Π, s ∈ Zk0}. Let X
s
pi be the irreducible
Tk(g)-module corresponding to a pair (π, s) ∈ Π × Z
k
0. Associating with every π ∈ Π a
function ξpi : (C
∗)k−1 → Z × Γ, and considering the natural action of (C∗)k−1 on the set
Ξ = {ξpi : π ∈ Π}, we show that, if X
s
pi and X
s′
pi′ are irreducible sub-quotients of an indecom-
posable Tk(g)-module of finite-length, then ξpi = b.ξpi′ for some b ∈ (C
∗)k−1. The converse
however does not hold in general.
Using results (from [A1, A2]) on the irreducibility of the tensor product of a highest weight
integrable gaff -module and the loop modules for gaff , we classify the functions in Π into type
I and type II. We prove that if gfin is simply-laced and π, π
′ ∈ Π are two functions of type II
with ξpi = b.ξpi′ for some b ∈ (C
∗)k−1, then there exists a sequenceXr1pi1 = U0, U1, · · · , Ur = X
r2
pi2
of indecomposable Tk(g)-modules of finite length in I
∗
fin such that HomTk(g)(Ui, Ui+1) 6= 0 or
HomTk(g)(Ui+1, Ui) 6= 0 for 0 ≤ i ≤ r − 1. Further, if V is an indecomposable Tk(g)-module
in I∗fin having an irreducible sub-quotient isomorphic to X
s
pi for a function (π, s) ∈ Π × Z
k−1
0
with π of type I, then every irreducible constituent of V is isomorphic to Xspi. These together
lead us towards a parametrization of the blocks in the category J +int in the case when gfin is
of type An,Dn, E6, E7 or E8.
The paper is organized as follows. After setting the notations for the paper in Section 2,
the basic properties of the integrable representations of toroidal Lie algebras are recalled in
Section 3. In Section 4, a restricted subcategory J±int of the category of I
∗
fin is introduced and
properties of the simple objects in J +int are listed. In Section 5, the properties of Weyl modules
of Tk(g) proved and results from [RFS] are recalled. Finally, in Section 6 and Section 7, the
main results of the paper are stated and proved. Our result gives a complete parametrization
of the blocks in J+int in the cases when gfin is of type An, Dn, E6, E7 and E8.
Acknowledgement: I sincerely thank the reviewer for his comments and suggestions, which
significantly improved the paper.
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2. Preliminaries
In this section we fix the notations for the paper and recall the explicit realization of k-toroidal
Lie algebras from [R2, MR].
2.1. Throughout the paper C,R, Z and N shall denote the field of complex numbers, real
numbers, the set of integers and the set of natural numbers. For a commutative associative
algebra A, the set of maximal ideals of A shall be denoted by maxA and for a Lie algebra a
the universal enveloping algebra of a shall be denoted by U(a). For k ∈ N, a k-tuple of integers
(m1, · · · ,mk) shall be denoted by m and let Z
k
0 = {m = (m1, · · · ,mk) ∈ Z
k | m1 = 0}.
2.2. Let gfin be a finite-dimensional simple Lie algebra of rank n, hfin a Cartan subal-
gebra of gfin and Rfin the root system of gfin with respect to hfin. Let {αi : 1 ≤ i ≤ n}
(respectively {ωi : 1 ≤ i ≤ n}) be a set of simple roots (respectively fundamental weights ) of
gfin with respect to hfin, R
+
fin (respectively Qfin, Pfin) be the corresponding set of positive
roots (respectively root lattice and weight lattice) and let θ(respectively θs) be the highest
root ( highest short root) of R+fin if g is simply-laced (respectively not simply-laced). Let (. |. )
be the nondegenerate symmetric bilinear form on h∗fin normalized so that the square length
of a long root is 2. Let Q+fin and P
+
fin be the Z+ span of the simple roots and fundamental
weights of (gfin, hfin) and let Wfin be the Weyl group of gfin.
For α ∈ R±fin, let g
±α
fin denote the corresponding root space. Let x
±
α ∈ g
±α
fin and α
∨ ∈ hfin
be fixed elements such that α∨ = [x+α , x
−
α ] and [α
∨, x±α ] = ±2x
±
α .
Let Γ = Pfin/Qfin. It is well known that Γ is a finite abelian group and the non-zero
elements in Γ are of the form ωi mod Qfin where ωi is a fundamental weight of gfin such that
ωi(α) = 0 or 1 for all α ∈ R
+
fin. Let
J0 =


{1, 2, · · · , n} if g is of type An
{n} if g is of type Bn
{1} if g is of type Cn
{1, n − 1, n} if g is of type Dn
{1, 6} if g is of type E6
{7} if g is of type E7
(2.1)
Using the labelling of the nodes as in [B, Plate I-IX], by [H, Section 13, Exercise 13], we have
Γ = {ωi mod Qfin : i ∈ J0} ∪ {0},
when gfin of type An, Bn, Cn,Dn, E6, E7, and Γ = {0}, when gfin of type E8, F4, G2.
For λ ∈ P+fin, let V (λ) denote the cyclic gfin-module generated by a weight vector vλ with
defining relations:
x+α .vλ = 0, ∀ α ∈ R
+
fin, h.vλ = λ(h)vλ, ∀ h ∈ hfin, (x
−
α )
λ(α)+1.vλ = 0, ∀ α ∈ R
+
fin.
It is well known that V (λ) is an irreducible finite-dimensional gfin-module with highest weight
λ and any irreducible finite-dimensional gfin-module is isomorphic to V (µ) for µ ∈ P
+
fin.
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2.3. For a positive integer k, let C[t±11 , · · · , t
±1
k ] be the Laurent polynomial ring in k
commuting variables t1, · · · , tk and for m = (m1, · · · ,mk) ∈ Z
k , let tm denote the element
tm11 · · · t
mk
k in C[t
±1
1 , · · · , t
±1
k ]. Let Lk(g) = gfin ⊗ C[t
±1
1 , t
±1
2 , · · · , t
±1
k ] and Zk = Ωk/dLk be
the space of Ka¨hler differentials spanned by the set of vectors {tmKi, m ∈ Z
k, 1 ≤ i ≤ k}
together with the relation,
∑k
i=1 rit
rKi = 0. Let di : (Lk(g)⊕Zk)→ (Lk(g) ⊕Zk), 1 ≤ i ≤ k
be the k derivations on Lk(g)⊕Zk given by:
di(x⊗ t
m) = mix⊗ t
m, di(t
mKj) = mit
mKj ∀ x ∈ gfin, m ∈ Z
k, 1 ≤ i, j ≤ k, (2.2)
and let Dk be the C linear span of the derivations d1, d2 · · · , dk. The k-toroidal Lie algebra
associated to a simple Lie algebra gfin is the vector space Tk(g) = Lk(g)⊕Zk ⊕Dk on which
the Lie bracket is defined by (2.2) and the following relations:
[x⊗ tm, y ⊗ ts] = [x, y]⊗ tm+s + ts(Dtm)(x|y), [x⊗ tm, ω] = 0 [ω, ω′] = 0, (2.3)
where x, y ∈ g, m, s ∈ Zk, ω, ω′ ∈ Zk and ts(Dtm) =
∑k
i=1mit
m+sKi. Let Z0 is the subspace
of Zk spanned by the central elements {Ki : 1 ≤ i ≤ k} and let htor := hfin⊕Z0⊕Dk. In order
to identify h∗fin with a subspace of h
∗
tor, an element λ ∈ h
∗
fin is extended to an element of h
∗
tor
by setting λ(c) = 0 = λ(di) = 0, for all c ∈ Z0, 1 ≤ i ≤ k. For 1 ≤ i ≤ k, define δi ∈ h
∗
tor by
δi|hfin+Z0 = 0, δi(dj) = δij , for 1 ≤ j ≤ k. Given m = (m1, · · · ,mn) ∈ Z
k, set δm =
∑k
i=1miδi
and let
Rretor = {α + δm : α ∈ Rfin,m ∈ Z
k}, Rimtor = {δm :m ∈ Z
k − {0}}.
Rretor andR
im
tor are respectively the set of real and imaginary roots of Tk(g) andRtor := R
re
tor∪R
im
tor
is the set of all roots of Tk(g) with respect to htor. The root vector corresponding to a real
root α + δm is of the form xα ⊗ t
m and the root vectors corresponding to an imaginary root
δm are of the form h⊗ t
m with h ∈ hfin. Set αn+i := δi − θ, for i = 1, · · · , k.
Given γ = α + δm ∈ R
re
tor, with α ∈ R
+
fin and m ∈ Z
k, let γ∨ = α∨ + 2(α|α)
∑
imiKi. With
the given Lie bracket operation on Tk(g), it is easy to check that the subalgebra sl2(γ) of Tk(g)
spanned by the set of elements {x+α ⊗ t
m, x−α ⊗ t
−m, γ∨} is isomorphic to sl2(C).
2.4. For k = 1, the Lie algebra T1(g) is an affine Kac-Moody Lie algebra and we denote
it by gaff . Explicitly gaff = gfin ⊗ C[t
±1
1 ]⊕ CK1 ⊕ Cd1. Owing to the natural ordering in Z,
the set of real and imaginary roots of gaff can be partitioned as follows:
Rre
±
aff = {α+mδ1 : α ∈ Rfin,m ∈ Z±\{0}} ∪R
±
fin, R
im±
aff = {mδ1 : m ∈ Z±\{0}}.
The set R+aff = R
re+
aff ∪ R
im+
aff (respectively R
−
aff = R
re−
aff ∪R
im−
aff ) is called the set of positive
(respectively negative) roots of gaff and Raff = R
+
aff ∪ R
−
aff is the set of roots of gaff . We
denote by x+α⊗t
m
1 , x
−
α⊗t
m
1 , h⊗t
m, h ∈ hfin the root vectors corresponding to the roots α+mδ1,
−α +mδ1 and mδ1 for α ∈ R
+
fin and m ∈ Z. Denoting the root space of gaff corresponding
to a root γ ∈ Raff by g
γ
aff , set n
±
aff =
⊕
γ∈R±
aff
(gγaff ) and haff = hfin ⊕ CK1 ⊕ Cd1. Then one
has the decomposition gaff = n
−
aff ⊕ haff ⊕ n
+
aff .
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A
(1)
1
1 1
⇐⇒
A
(1)
l (l ≥ 2)
1 1
. . .
1 1
1
B
(1)
l (l ≥ 3)
1 2 2
. . .
2 1
1
⇒
C
(1)
l (l ≥ 2)
1 1
. . .
1 1
⇒ ⇐
D
(1)
l (l ≥ 4)
1 2 2
. . .
2 1
1 1
G
(1)
2
1 2 1
⇛
F
(1)
4
1 2 3 2 1
⇒
E
(1)
6
1 2 3 2 1
2
1
E
(1)
7
1 2 3 4 3 2 1
2
E
(1)
8
1 2 3 4 5 6 4 2
3
Table 1. Dynkin Diagrams of Non-twisted Affine Kac-Moody Lie algebras
In these diagrams the gray nodes correspond to the root αn+1 and the remaining nodes are enumerated
as in [B, Plate I-IX]. The numerical labels given here correspond to the number a∨
i
( Refer to [Kac,
Section 6.1, Table Aff 1, Table Aff 2, Table Aff 3]) and the blackened nodes correspond to those
contained in J0.
The set of simple roots ∆aff and coroots ∆
∨
aff of gaff are respectively given by
∆aff = {α1, · · · , αn, αn+1 = δ1 − θ},
∆∨aff = {α
∨
1 , · · · , α
∨
n , α
∨
n+1 = K1 − θ
∨}.
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Let Qaff (respectively Q
∨
aff ) be the root lattice (respectively coroot lattice) for gaff . Let Λi
(i = 1, · · · , n, n+ 1) be the fundamental weights of gaff , where
Λi = a
∨
i Λn+1 + ωi, for each 1 ≤ i ≤ n, (2.4)
and Λi(α
∨
j ) = δij , for 1 ≤ j ≤ n + 1 and Λi(d1) = 0. Here a
∨
i is the integer labelling the
ith-node in the Dynkin diagrams given in Table 1. Thus, h∗aff = h
∗
fin ⊕ Cδ1 ⊕ CΛn+1, and
an element λ in h∗aff can be uniquely written as
λ = λ(K1)Λn+1 + λ|hfin + (λ|Λn+1)δ1,
where the inner product (.|.) on h∗aff is as defined in [Kac, § 6.2] and extends the inner product
on hfin. Let Paff =
∑n+1
i=1 ZΛi + Cδ1, (respectively P
+
aff =
∑n+1
i=1 Z+Λi + Cδ1) be the set of
integral weights(respectively dominant integral weights) of gaff . Let  be the partial order
on Paff defined by λ  µ if λ, µ ∈ Paff are such that λ− µ ∈
∑n+1
i=1 Z+αi. Given λ, µ ∈ Paff ,
we shall write λ ≻ µ whenever λ  µ but λ 6= µ.
Let ω : gaff → gaff be the Cartan involution on gaff given by :
x+α ⊗ t
m
1 7→ −x
−
α ⊗ t
−m
1 ,
x−α ⊗ t
m
1 7→ −x
+
α ⊗ t
−m
1 ,
h⊗ tm1 7→ −h⊗ t
−m,
(2.5)
for α ∈ R+fin, m ∈ Z and h ∈ hfin.
An haff -diagonalizable module V of gaff is said to be integrable if the root vectors cor-
responding to the real roots of gaff are locally nilpotent on V . An integral gaff -module is
said to be of positive (respectively negative) level if the central element K1 acts on V by a
positive (respectively negative) integer. Given λ ∈ P+aff , let X(λ) be the irreducible integrable
gaff -module with highest weight λ and highest weight vector vλ. As X(λ) is integrable we
can write it as a direct sum of its weight spaces :
X(λ) =
⊕
ν∈Paff
X(λ)ν , where X(λ)ν = {v ∈ X(λ) : h.v = ν(h)v, ∀ h ∈ haff}.
Let Paff (λ) = {ν ∈ Paff : X(λ)ν 6= 0} and X
∗(λ) :=
⊕
ν∈Paff
(X(λ)ν)
∗ ⊂ X(λ)∗. It was
shown in [Kac] that the restricted dual X∗(λ) is an irreducible integrable gaff -submodule of
X(λ)∗ with lowest weight −λ and lowest weight vector v∗λ, satisfying the relations:
n−aff .v
∗
λ = 0, h.v
∗
λ = −λ(h)v
∗
λ, ∀ h ∈ haff , (x
+
αi)
λ(α∨i )+1.v∗λ = 0, ∀ 1 ≤ i ≤ n+ 1.
We now record some results on integrable gaff -modules with finite-dimensional weight
spaces that we shall need. Part(i) of the proposition was proved in [C], part(ii) was proved in
[R1],part(iii) was proved in [DGK, Proposition 4.6], part(iv) was proved in [A2, Theorem 4.4]
and part(v) was proved in [Kac, Proposition 12.5(a)].
Proposition. Let V be an integrable gaff -module having finite-dimensional weight spaces.
i. If V is an irreducible gaff -module on which the center acts by a positive (respectively negative)
integer, then V is isomorphic to X(Λ) (respectively X∗(Λ)) for some Λ ∈ P+aff .
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ii. If all eigenvalues of K1 are non-zero, then V is completely reducible as gaff -module.
iii. Given Λ ∈ P+aff , let X
ω(Λ) be the gaff -module whose underlying space is X
∗(Λ) and on
which the action of gaff is defined as :
(x.f)(v) = −f(ω(x).v), ∀ f ∈ X∗(Λ), x ∈ gaff , v ∈ X(Λ),
where ω is the Cartan involution on gaff . Then, X(Λ) is isomorphic to X
ω(Λ) as gaff -
modules.
iv. Given a finite-dimensional irreducible gfin-module V (λ), let V (λ) := V (λ) ⊗ C[t1, t
−1
1 ], be
the gaff -module on which the action of gaff is defined as follows:
K1.v ⊗ t
s
1 = 0 ∀ v ∈ V (λ), s ∈ Z,
d1.v ⊗ t
s
1 = sv ⊗ t
s
1 ∀ v ∈ V (λ), s ∈ Z,
xtr1.v ⊗ t
s
1 = x.v ⊗ t
r+s
1 ∀ v ∈ V (λ), x ∈ gfin, s, r ∈ Z.
Then, for Λ ∈ P+aff , the gaff -module X(Λ) ⊗ V (λ) is irreducible if
λ(θ∨) > Λ(K1) and Λ|hfin(θ
∨) ≤ Λ(K1). (2.6)
v. Given λ ∈ P+aff with λ(K1) ∈ Z>0,
Paff (λ) =Waff .{µ ∈ P
+
aff : λ  µ},
where Waff denotes the Weyl group of gaff .
For k > 1, gaff will be identified the subalgebra gfin ⊗ C[t1, t
−1
1 ]⊕ CK1 ⊕ Cd1 of Tk(g).
2.5. For l ∈ Z+, λ ∈ P
+
fin, and θ the highest root of gfin, the reducility of the gaff -module
X(lΛn+1 + λ) ⊗ V (θ) plays an important role in obtaining the block decomposition of J
+
int.
Using the representation theory of vertex operator algebras, Adamovic proved a set of results
in this direction in [A1, A2]. We recall them here and shall use them in Section 7.
Given a vertex operator algebra V, Zhu constructed an associative algebra A(V) and with
any V-module M , Frenkel and Zhu associated an A(V)-bimodule A(M). Using the fact that
the generalized Verma module for gaff with highest weight lΛn+1, namely M(lΛn+1), and its
unique irreducible quotient X(lΛn+1) have the structure of a vertex operator algebra and for
µ ∈ Pfin, the Verma module M(lΛn+1 + µ) is a module for M(lΛ0), Adamovic´ proved a set
of results that we state. Part(i) of the following proposition was proved in [A2, Theorem 3.2,
Remark 3.2]. Part(ii) of Proposition 2.5 is derived from the proof of [A1, Proposition 1.2,
Theorem 4.1], part(iii) follows from [A1, Theorem 3.2] and [A1, Lemma 1.1, Remark 1.1] and
part(iv) follows from [A2, Proposition 3.2].
Proposition. For l ∈ N, denote the vertex operator algebras M(lΛn+1) and X(lΛn+1) by Ml
and Xl respectively.
i. Let µ ∈ P+fin be such that (µ|θ) ≤ l. Then,
Homgaff (V (µ)⊗X(lΛn+1),X(lΛn+1 + µ)) 6= 0.
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ii. For µ ∈ P+fin, X(lΛn+1 + µ) is a Xl-module if and only if (µ|θ) ≤ l.
iii. Suppose X(lΛn+1 + µ1), X(lΛn+1 + µ2) and X(lΛn+1 + µ3) are Xl-modules with
µi ∈ P
+
fin for i = 1, 2, 3. Then there exists a linear isomorphism between the vector
spaces Homgaff (V (µ2)⊗X(lΛn+1 +µ1),X(lΛn+1 +µ3)) and HomA(Xl)(A(X(lΛn+1 +
µ1))⊗A(Xl) V (µ2), V (µ3)).
iv. If X(lΛn+1+λ) and X(lΛn+1+µ) are Xl-modules then A(X(lΛn+1+λ))⊗A(Xl) V (µ)
is isomorphic to A(X(lΛn+1 + λ))⊗U(gfin) V (µ) which is further isomorphic to
V (λ)⊗ V (µ)
J(λ, µ)
,
where J(λ, µ) = U(gfin){vλ ⊗ (x
+
θ )
l+1−(µ1|θ)v2 : v2 ∈ V (µ)}.
Remark. It follows from parts (ii), (iii) and (iv) of the above proposition that Homgaff (V (µ2)⊗
X(lΛn+1+µ1),X(lΛn+1+µ3)) is non-zero, whenever µ1, µ2, µ3 ∈ P
+
fin are such that (µ3|θ) ≤ l
and V (µ3) is an irreducible component of V (µ1)⊗ V (µ2).
2.6. We now state a set of results on the irreducible components of tensor product of
irreducible finite-dimensional gfin-modules. They have been listed in the article [Ku].
Proposition. Let λ, µ ∈ P+fin.
i. For any w ∈Wfin, let λ̂+ wµ denote the unique element in P
+
fin in the Wfin orbit of
λ+wµ. The irreducible module V (λ̂+ wµ) occurs in the decomposition of V (λ)⊗V (µ).
ii. If gfin is not of type G2, then for every positive root β, V(λ + µ − β) occurs in the
decomposition of V (λ)⊗V (µ), whenever λ and µ are non-zero dominant integral weights
of gfin.
iii. For λ ∈ P+fin, let Sλ = {1 ≤ i ≤ n : λ(α
∨
i ) = 0}. If gfin is of type G2, then for a
positive root β, V (λ+ µ− β) occurs in the decomposition of V (λ)⊗ V (µ), whenever λ
and µ are non-zero dominant integral weights of gfin such that λ + µ − β ∈ P
+
fin and
Sλ ∪ Sµ ⊆ {1 ≤ i ≤ n : β − αi /∈ R
+
fin ∪ {0}}.
2.7. Using Proposition 2.5 and Proposition 2.6 we prove the following result which is
crucial for the main theorem.
Proposition. Let λ ∈ P+fin and let µ = lΛn+1 + λ ∈ P
+
aff . When gfin is simply-laced,
l ≥ θ(θ∨), and λ ≡ ωi mod Qfin for i ∈ J0 (respectively λ ≡ 0 mod Qfin ), there exists a
sequence λ1, λ2, · · · , λr ∈ P
+
fin with λj(θ
∨) ≤ l such that λ1 = λ, λr = ωi (respectively λr = θ)
and for each 1 ≤ j ≤ r − 1, either
Homgaff (gaff ⊗X(lΛn+1 + λj+1),X(lΛn+1 + λj)) 6= 0
or
Homgaff (gaff ⊗X(lΛn+1 + λj),X(lΛn+1 + λj+1)) 6= 0.
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Proof. Since gfin is a highest weight irreducible gfin-module with highest weight θ,
gaff = V (θ)⊕ CK1 ⊕ Cd1,
where V (θ) = V (θ) ⊗ C[t±11 ]. Thus, given µi = lΛn+1 + λi ∈ P
+
aff , i = 1, 2, there exists a
non-zero homomorphism φ : gaff ⊗X(µ1)→ X(µ2) only if
Homgaff (V (θ)⊗X(lΛn+1 + λ1),X(lΛn+1 + λ2)) 6= 0. (2.7)
By Remark 2.5, (2.7) holds only if l ≥ θ(θ∨) and V (λ2) is an irreducible component of V (θ)⊗
V (λ1) .
Define a function htw : P+fin → N by
htw(
n∑
i=1
biωi) =
n∑
i=1
a∨i bi,
where a∨i is the label of the i
th-node in Table 1. Notice that for λ ∈ P+fin, lΛn+1+λ+nδ1 ∈ P
+
aff
only if htw(λ) ≤ l and, for Λ ∈ P+aff ,
Λ(α∨n+1) + ht
w(Λ|hfin) = Λ(K1).
We prove the proposition case by case by applying induction on htw(λ).
We show that, given Λ = lΛn+1 + λ + nδ1 ∈ P
+
aff , with λ = Λ|hfin and l ≥ θ(θ
∨), there
exists a sequence η1,λ, · · · , ηs,λ ∈ P
+
fin with
η1,λ = λ, ηs,λ = θ or ωi, for some i ∈ J0,
for all 1 ≤ j ≤ s, either ηj,λ = ηj+1,λ ± (θ − β) for some β ∈ R
+
fin, or ηj,λ = ηj+1,λ ± w(θ) for
some w ∈Wfin, and
htw(ηj,λ) ≤ ht
w(λ) ≤ λ(θ∨).
Then, it would follow from Proposition 2.6, that either V (ηj,λ) is an irreducible component of
V (θ) ⊗ V (ηj+1,λ) or V (ηj+1,λ) is an irreducible component of V (θ) ⊗ V (ηj,λ) and a repeated
application of the above method would give the desired sequence of dominant integral weights
λ1, λ2, · · · , λr ∈ P
+
fin.
Let gfin be of type An, n ≥ 1. Then, θ(θ
∨) = 2 and J0 = {1, · · · , n}. Thus there is nothing
to prove if htw(Λ|hfin) = 1. Assume ht
w(Λ|hfin) = 2, that is, Λ|hfin ∈ {ωi + ωj : 1 ≤ i, j ≤ n}.
Then, using the relations,
ωi + ωj + αi+1 + · · ·+ αj−1 = ωi−1 + ωj+1, for i ≤ j,
ωi + α1 + α2 + · · ·+ αi−1 = ω1 + ωi−1,
ωk + αk+1 + · · ·+ αn = ωk+1 + ωn,
ω1 + ωn = θ,
(2.8)
we obtain the sequence {ηr,ωi+ωj}r as follows.
If 1 ≤ i, j ≤ n is such that i+ j ≤ n+ 1 and i ≤ j, we have,
ηr,ωi+ωj = ωi−r+1 + ωj+r−1, for 1 ≤ r ≤ i, ηi+1,ωi+ωj =
{
ωi+j, if i+ j < n+ 1,
θ, if i+ j = n+ 1
10 TANUSREE KHANDAI
If 1 ≤ i, j ≤ n is such that i+ j − (n+ 1) > 0 and i ≤ j, we have,
ηr,ωi+ωj = ωi−r+1 + ωj+r−1, for 1 ≤ r ≤ n− j + 1, ηn−j+2,ωi+ωj = ωi+j−(n+1).
Observe that ηr,ωi+ωj(θ
∨) ≤ 2 for each r. Hence the sequence obtained satisfies the desired
conditions. Now, if htw(Λ|hfin) > 2, then there exists λ
′, λ′′ ∈ P+fin such that Λ|hfin = λ
′ +
λ′′ and htw(λ′′) = 2. Then, applying the above relations on λ′′, we can obtain a sequence
{ηr,Λ|hfin
}r, such that for some r ∈ N,
ηr,Λ|hfin
=
{
λ′ + ωi, if λ
′′ ≡ ωi mod Qfin,
λ′, if λ′′ ≡ 0 mod Qfin
Since htw(λ′ + ωi) < ht
w(λ) − 1 and htw(λ′) < htw(λ) − 2, applying induction and using the
above relations repeatedly, we obtain the desired sequence.
Likewise, to prove the result in each case, it is sufficient to obtain the sequences {ηr,µ}r
in the case when µ is a fundamental weight of gfin or µ ∈ P
+
fin with ht
w(µ) ≤ 2. We thus
list the required relations and case-wise, give the sequence {ηr,µ}r in the cases when µ is a
fundamental weight of gfin or µ ∈ P
+
fin with ht
w(µ) ≤ 2.
For gfin of type Dn, n ≥ 4, θ(θ
∨) = 2, J0 = {1, n−1, n}, the set of λ ∈ P
+
fin with ht
w(λ) = 1
is {ω1, ωn−1, ωn} and the set of λ ∈ P
+
fin with ht
w(λ) = 2 is {ωi : 2 ≤ i ≤ n − 2} ∪ {ωi + ωj :
i, j ∈ {1, n, n − 1}}. Clearly there is nothing to prove when htw(λ) = 1. When htw(λ) = 2,
using the relations,
ωi = ωi−2 + αi−1 + 2(αi + · · ·+ αn−1) + αn−1 + αn, i ≤ n− 2,
ω1 + ωn = ωn−1 + θ − (
∑
2≤j≤n−1
αj), ω1 + ωn−1 = ωn + θ − (
∑
2≤j≤n−2
αj + αn)
2ω1 = ω2 + α1, 2ωn−1 = ωn−2 + αn−1, 2ωn = ωn−2 + αn
ωn−1 + ωn = wn−3 + αn−2 + αn−1 + αn ω2 = θ,
(2.9)
for 2 ≤ i ≤ n− 2, we get,
ηr,ωi = ωi−2(r−1), for 1 ≤ r ≤ i/2, when i is even,
ηr,ωi = ωi−2(r−1), for 1 ≤ r ≤ (i+ 1)/2, , when i is odd.
Further we have,
η1,2ω1 = 2ω1, η2,2ω1 = ω2, η1,2ωn = 2ωn, η2,2ωn = ωn−1, η1,2ωn−1 = 2ωn−1, η2,2ωn−1 = ωn,
η1,ω1+ωn = ω1 + ωn, η2,ω1+ωn = ωn−1, η1,ω1+ωn−1 = ω1 + ωn−1, η2,ω1+ωn−1 = ωn,
η1,ωn−1+ωn = ωn−1 + ωn, η2,ωn−1+ωn = ωn−3,
η2+r,ωn−1+ωn = ωn−3−2r,
{
for 1 ≤ r ≤ (n− 4)/2, when n is even,
for 1 ≤ r ≤ (n− 5)/2, when n is odd.
For gfin of type E6, θ(θ
∨) = 2 and J0 = {1, 6}. The set of λ ∈ P
+
fin of ht
w(λ) = 1 is
{ω1, ω6}, the set of λ ∈ P
+
fin of ht
w(λ) = 2 is {ω2, ω3, ω5, ω1 + ω6, 2ω1, 2ω6} and the set of
other fundamental weights and the corresponding value of htw are, {ω4} with ht
w(ω4) = 3.
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Notice that there is nothing to prove in the case when htw(λ) = 1. For htw(λ) > 1, using the
following relations,
ω2 = θ, 2ω1 = ω3 + α1, 2ω6 = ω5 + α6,
ω3 = ω6 + α1 + α2 + 2α3 + 2α4 + α5,
ω4 = ω2 + α1 + α2 + 2α3 + 3α4 + 2α5 + α6,
ω5 = ω1 + α2 + α3 + 2α4 + 2α5 + α6,
ω1 + ω6 = ω2 + α1 + α3 + α4 + α5 + α6
(2.10)
and the sequences,
η1,ω3 = ω3, η2,ω3 = ω6,
η1,ω4 = ω4, η2,ω4 = ω2,
η1,ω5 = ω5, η2,ω5 = ω1,
η1,ω1+ω6 = ω1 + ω6, η2,ω1+ω6 = ω2,
η1,2ω1 = 2ω1, η2,2ω1 = ω3, η3,2ω1 = ω6,
η1,2ω6 = 2ω6, η2,2ω6 = ω5, η3,2ω6 = ω1,
one can obtain a sequence {ηr,λ}r of the desired form for all λ ∈ P
+
fin.
For gfin of type E7, θ(θ
∨) = 2 and J0 = {7}. The set of λ ∈ P
+
fin of ht
w(λ) = 1 is {ω7}, the
set of λ ∈ P+fin of ht
w(λ) = 2 is {ω1, ω2, ω6, 2ω7} and the set of other fundamental weights and
the corresponding value of htw are, {ω3, ω5, ω4} with ht
w(ω3) = 3 = ht
w(ω5) and ht
w(ω4) = 4.
As above, there is nothing to prove in the case when htw(λ) = 1. For λ ∈ P+fin with ht
w(λ) > 1,
using the following relations,
ω1 = θ, ω2 = ω7 + α1 + 2α2 + 2α3 + 3α4 + 2α5 + 2α6,
ω3 = ω6 + α1 + α2 + 2α3 + 2α4 + α5,
ω4 = ω6 + [θ − (α2 + α3 + 2α4 + α5)]
ω5 = ω2 + α1 + α2 + 2α3 + 3α4 + 3α5 + α6 + α7,
ω6 = ω1 + α2 + α3 + 2α4 + 2α5 + 2α6 + α7,
2ω7 = ω6 + α7,
(2.11)
and the sequences
η1,ω2 = ω2, η2,ω2 = ω7,
η1,ω3 = ω3, η2,ω3 = ω6, η3,ω3 = ω1,
η1,ω4 = ω4, η2,ω4 = ω6, η3,ω4 = ω1,
η1,ω5 = ω5, η2,ω5 = ω2, η3,ω5 = ω7,
η1,ω6 = ω6, η2,ω6 = ω1,
η1,2ω7 = 2ω7, η2,2ω7 = ω6, η3,2ω7 = ω1,
one can obtain a sequence {ηr,λ}r of the desired form for all λ ∈ P
+
fin.
For gfin of type E8, θ(θ
∨) = 2 and J0 = ∅. In this case there does not exist λ ∈ P
+
fin with
htw(λ) = 1. The set of λ ∈ P+fin with ht
w(λ) = 2 is {ω1, ω8}, and the set of other fundamental
weights and the corresponding values for htware {ω2, ω3, ω4, ω5, ω6, ω7} with ht
w(ω2) = 3 =
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htw(ω7), ht
w(ω3) = 4 = ht
w(ω6), ht
w(ω5) = 5 and ht
w(ω4) = 6. Then using the following
relations,
ω1 = ω8 + 2α1 + 2α2 + 3α3 + 4α4 + 3α5 + 2α6 + α7,
ω2 = ω1 + α1 + 3α2 + 3α3 + 5α4 + 4α5 + 3α6 + 2α7 + α8,
ω3 = ω2 + 2α1 + 2α2 + 4α3 + 5α4 + 4α5 + 3α6 + 2α7 + α8,
ω4 = ω5 + 2α1 + 3α2 + 4α3 + 6α4 + 4α5 + 3α6 + 2α7 + α8
ω5 = ω6 + 2α1 + 3α2 + 4α3 + 6α4 + 5α5 + 3α6 + 2α7 + α8
ω6 = ω7 + 2α1 + 3α2 + 4α3 + 6α4 + 5α5 + 4α6 + 2α7 + α8,
ω7 = ω8 + 2α1 + 3α2 + 4α3 + 6α4 + 5α5 + 4α6 + 3α7 + α8,
ω8 = θ,
(2.12)
and the sequences
η1,ω1 = ω1, η2,ω1 = ω8,
η1,ω2 = ω2, η2,ω2 = ω1, η3,ω2 = ω8,
η1,ω3 = ω3, η2,ω3 = ω2, η3,ω3 = ω1, η4,ω3 = ω8,
η1,ω4 = ω4, η2,ω4 = ω5, η3,ω4 = ω6, η4,ω4 = ω7, η5,ω4 = ω8,
η1,ω5 = ω5, η2,ω5 = ω6, η3,ω5 = ω7, η4,ω5 = ω8,
η1,ω6 = ω6, η2,ω6 = ω7, η3,ω6 = ω8,
η1,ω7 = ω7, η2,ω7 = ω8,
one can obtain a sequence {ηr,λ}r of the desired form for all λ ∈ P
+
fin. 
3. The categories I and Ifin
3.1. A Tk(g)-module is said to be integrable if it is htor-diagonalizable and the root vectors
corresponding to the real roots of Tk(g) are locally nilpotent on V . Thus an integrable Tk(g)-
module is of the form
V = ⊕
λ∈h∗tor
Vλ, where Vλ = {v ∈ V : hv = λ(h)v, for all h ∈ htor}.
We set P (V ) = {λ ∈ h∗tor : Vλ 6= 0} as the set of all weights of an integrable Tk(g)-module V .
For β ∈ Rre let rβ(λ) = λ− λ(β
∨)β, for λ ∈ h∗tor. Let Wtor = 〈rβ : β ∈ R
re
tor〉, be the group
generated by the operators rβ for β ∈ R
re
tor. Parts (i-ii) of the following is standard and part
(iii) has been proved in [Kh]. (Refer to [R2, Kh] for details.)
Lemma. Let V be an integrable Tk(g)-module. For all λ ∈ P (V ), the following hold.
i. λ(α∨i ) ∈ Z, for 1 ≤ i ≤ n+ k.
ii. wλ ∈ P (V ) and dimVλ = dimVwλ for all w ∈Wtor.
iii. Let α ∈ R+fin and β = α+miδi ∈ R
re
tor. Then,
rαrβ(λ) = λ+
2
(α|α)
(miλ(Ki))α − (λ(α
∨) +
2
(α|α)
miλ(Ki))δi.
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In particular, if λ +
k∑
i=1
riδi ∈ P (V ) is such that λ(K1) = m and λ(Kj) = 0 for
j = 2, · · · , k, then there exists m = (m2, · · · ,mk) ∈ Z
k−1 with 0 ≤ mi < |m| for
2 ≤ i ≤ k such that λ+ r1δ1 +
k∑
i=2
miδi ∈ P (V ).
3.2. Let I be the category of integrable Tk(g)-modules and morphisms
homI(V, V
′) = homTk(g)(V, V
′), V, V ′ ∈ Ob I.
For a = (a1, · · · , ak) ∈ C
k, set
V {a} = {v ∈ V : div = (ai + ri)v for some ri ∈ Z, 1 ≤ i ≤ k}.
Clearly, V {a} is a Tk(g)-submodule of V and V {a} = V {b} if and only if a − b ∈ Z
k. For
any a¯ ∈ Ck/Zk, let I{a¯} be the full subcategory of integrable Tk(g)-modules V satisfying
V = V {a}, where a is any representative of a¯. In [CG, Lemma 3.2], the following result was
proved for graded level zero integrable representations of affine Lie algebras. The proof for
integrable representations of toroidal Lie algebras is analogous.
Lemma. Let a,b ∈ Ck be such that a − b 6∈ Zk. Then for V in I{a¯} and V ′ in I{b¯},
Ext1I(V, V
′) = 0. In particular,
I =
⊕
a¯∈Ck/Zk
I{a¯}
and the categories I{a¯} are equivalent for all a¯ ∈ Ck/Zk.
Without loss of generality we thus restrict ourselves to the subcategory I{0¯} of I.
3.3. For m ∈ Zk let I(m) be the full subcategory of I whose objects are Tk(g)-modules on
which the zero degree central element Ki acts by the integer mi for 1 ≤ i ≤ k . Note that for a
fixed m ∈ Zk, using the structure theory of finitely generated Z-modules, one can find a basis
{h1,h2, · · · ,hk} of Z
k such that m = (m1,m2, · · · ,mk) = mh1, where m = gcd(m1, · · · ,mk).
Hence, the following result.
Proposition. Let V be an integrable Tk(g)-module. Then
V =
⊕
m∈Zk
V (m),
where V (m) is an object of I(m) for each m ∈ Zk. Furthermore, Ext1I(V,U) = 0 for all
V ∈ ObI(m) and U ∈ ObI(n) whenever m,n ∈ Zk are such that m 6= n. In particular,
I =
⊕
m∈Zk
I(m),
and, for a fixed m = (m1, · · · ,mk) ∈ Z
k − {0} with m = gcd(m1, · · · ,mk), the category
I(m) is equivalent to I(me1) where {ei : 1 ≤ i ≤ k} is the canonical basis of Z
k with ei =
(0, · · · , 1
ith
, 0, · · · , 0).
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3.4. Let I
(m)
fin be the full subcategory of I
(m) whose objects are Tk(g)-modules having
finite-dimensional weight spaces. Let
I∗fin :=
⊕
m∈Zk−0
I
(m)
fin . (3.1)
It follows from above that
Ifin = I
(0)
fin
⊕
I∗fin.
In the case when k = 1, the structure of the category I
(0)
fin was studied in [CG]. The same
methods can be extended to study the structure of the category of Tk(g)-modules in I
(0)
fin for
any integer k. In view of Proposition 3.3, we shall now try to extend these methods to study
the structure of the category I
(me1)
fin .
3.5. The following result was proved in [R2, Proposition 2.4], in the case when V is an
irreducible Tk(g)-module in I
(me1)
fin ,m > 0. We now prove it for an arbitrary Tk(g)-module V
in I
(me1)
fin .
Proposition. Let V be an integrable Tk(g)-module in I
(me1)
fin , where m > 0. Then given
µ ∈ P (V ) with µ|haff ∈ P
+
aff , there exists η ∈ Q
+
aff such that µ+η ∈ P (V ) but µ+η+η
′ /∈ P (V )
for all η′ ∈ Q+aff .
Proof. For a contradiction suppose that there exists µ ∈ P (V ) with µ|haff ∈ P
+
aff , such that
for each η ∈ Q+aff satisfying µ+ η ∈ P (V ) there exists η
′ ∈ Q+aff such that µ+ η+ η
′ ∈ P (V ).
Then there exists an infinite sequence (ηr)r≥1 in Q
+
aff such that ηr+1 ≻ ηr and µ+ ηr ∈ P (V )
for all r ≥ 1. Set Wr := U(gaff ).Vµ+ηr . Since V is an object of I
(me1)
fin and Wr is a subspace
of V , Wr is an integrable gaff -module of non-zero level and by construction the set of haff -
weights of Wr is a subset of µ|haff + ηr + Qaff . Hence, if λ is an haff -weight of Wr, then
λ +
∑k
i=2(µ|Λn+i)δi is a htor-weight of V . This implies that the set of weight vectors of Wr
with haff -weight λ is a subset of the htor-weight space Vλ+
∑k
i=2(µ|Λn+i)δi
of V . By assumption,
V has finite-dimensional weight spaces. Thus, it follows that Wr has finite-dimensional haff -
weight spaces and, by Proposition 2.4(ii), Wr can be written as the direct sum of (possibly
infinitely many) irreducible gaff -modules of the form X(µr,s) with µr,s ∈ P
+
aff . Choose s1
such that ν1 := µ1,s1 ≻ µ|haff . Observe that such s1 exists since by assumption µ|haff +η1 is a
haff weight of W1. Now let r2 be the smallest positive integer such that ν2 := µr2,s2 ≻ µ|haff
and µ1,s1 6= µr2,s2 . Note that such r2 exists since {ηr}r≥1 is an increasing sequence in Q
+
aff
with respect to the ordering  and, as each weight space of V is finite-dimensional, given
any r ≥ 1, by the above argument, there cannot exist infinity many direct summands of
Wr having the same highest weight. Repeating the process, we obtain an infinite collection
νr+
∑k
i=2(µ|Λn+i)δi ∈ P (V ) such that νr ≻ µ|haff , for r ≥ 1 and there exists a gaff -submodule
W (νr) of V isomorphic to X(νr) as a gaff -module. By Proposition 2.4(v), µ|haff is an haff -
weight of W (νr) for each r ≥ 1. Since {νr}r∈Z is a set of distinct haff -weights and the sum of
W (νr) is direct, this contradicts the finite-dimensionality of Vµ. Hence the proposition. 
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3.6. Let n+aff be the positive root space of the Lie subalgebra gaff = g⊗C[t
±1
1 ]⊕CK1⊕Cd1
of Tk(g). Given an integrable Tk(g)-module V define
V +aff = {v ∈ Vλ : n
+
aff ⊗ C[t
±1
2 , · · · , t
±1
k ].v = 0}, (3.2)
i.e., V +aff consists of all weight vectors v ∈ V such that x ⊗ f.v = 0 for all x ∈ n
+
aff and
f ∈ C[t±12 , · · · , t
±1
k ].
Corollary. Let V be an integrable Tk(g)-module in I
(me1)
fin , m > 0. Then, the set V
+
aff is non-
zero. Furthermore, there exists λ ∈ h∗tor and v ∈ V
+
aff such that h.v = λ(h)v for all h ∈ htor,
λ|haff ∈ P
+
aff and 0 ≤ λ(dj) < m for 2 ≤ j ≤ k.
Proof. It follows from the above proposition that given µ ∈ P (V ) there exists ηµ ∈ Q
+
aff such
that µ + ηµ ∈ P (V ) but µ + ηµ + η 6∈ P (V ) for all η ∈ Q
+
aff . Now using the same proof
as [R2, Proposition 2.4] and Lemma 3.1(iii) it will follow that there exists µ′ ∈ P (V ) with
(µ′ − µ)|haff ∈ Q
+
aff and 0 ≤ µ
′(dj) < m, 2 ≤ j ≤ k such that
n+aff ⊗ C[t
±1
2 , · · · , t
±1
k ].Vµ′ = 0,
which implies that Vµ′ ∩ V
+
aff is non-zero. 
3.7. Using the analogues of Proposition 3.5 and Corollary 3.6, the following result was
proved in [CG] for an affine Lie algebra. It can be proved in the same manner for a k-toroidal
Lie algebra.
Theorem. Let V be an object in I
(0)
fin. Then V is isomorphic to a direct sum of indecomposable
modules only finitely many of which are non-trivial.
However it can be easily seen that the Tk(g)-modules in I
(me1)
fin ,m 6= 0 do not in general
satisfy the finite length property. For example, consider the Tk(g)-module
V =
∞
⊕
s=0
X(Λi − sδ1)
when g = sl2(C) and i = 0 or 1. Clearly V is an integrable gaff -module with finite-dimensional
weight spaces which cannot be written as a direct sum of finitely many indecomposable gaff -
modules. As a first step towards understanding the category I
(me1)
fin , we thus restricted our
attention in this paper towards a subcategory Jmint of I
(me1)
fin .
4. The Category J ±int
4.1. Let Jmint be the full subcategory of I
(me1)
int consisting of finite-length objects and let
J +int =
⊕
m>0
Jmint.
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Clearly the simple objects of the category Jmint are precisely the simple objects in I
(me1)
fin .
Since they play an important role in determining the structure of J +int, we recall the results
from [R2, R3, Kh] that give a parametrization of the irreducibles in I∗fin.
4.2. Let Z1 be the subspace of Z spanned by elements of the form t
rK1 with r ∈ Z
k
0
(refer to 2.1 for the notation) and let Z ′1 be the subspace of Z spanned by the set of elements
{trKi, 2 ≤ i ≤ k, r ∈ Z
k}∪{trK1 : r ∈ Z
k−Zk0}. Then Z = Z1⊕Z
′
1 and it is known from [R2,
Theorem 4.5], [Kh, Proposition 4.1] that, if V is an irreducible Tk(g)-module in I
(me1)
fin ,m 6= 0,
then every element in Z ′1 acts trivially on V . In other words every irreducible Tk(g)-module
in I
(me1)
fin ,m 6= 0, is in fact a module for the Lie algebra gfin ⊗C[t
±1
1 , t
±1
2 , · · · , t
±1
k ]⊕Z1 ⊕D1.
4.3. Let Lc(g) := gfin⊗C[t
±1
1 , t
±1
2 , · · · , t
±1
k ]⊕Z1⊕D1. Then haff is an abelian subalgebra
of Lc(g). A Lc(g)-module V is said to be integrable, if it is haff -diagonalizable and for all
α ∈ Rfin and m ∈ Z
k, the elements xα ⊗ t
m ∈ Lc(g), act locally nilpotently on V .
For an integrable Lc(g) module V set
P c(V ) := {λ ∈ Paff : there exists v ∈ V satisfying h.v = λ(h)v, for all h ∈ haff}.
Let Π be the monoid of finitely supported functions π : maxC[t±12 , · · · , t
±1
k ]→ P
+
aff , where,
given π, π′ ∈ Π and M ∈ maxC[t±12 , · · · , t
±1
k ], we define
(π + π′)(M) = π(M) + π′(M), supp(π) = {M ∈ maxC[t±12 , · · · , t
±1
k ] : π(M) 6= 0},
and
wt(π) =
∑
M∈supp(pi)
π(M).
Given π ∈ Π with supp(π) = {M1,M2, · · · ,Ml}, let
Xpi = X(π(M1))⊗ · · · ⊗X(π(Ml)).
One defines an Lc(g)-module action on Xpi as follows:
Y ⊗ f.v1 ⊗ · · · ⊗ vl =
l∑
i=1
evMi(f)v1 ⊗ · · · ⊗ Y.vi ⊗ · · · ⊗ vl,
where Y ∈ gaff , f ∈ C[t
±1
2 , · · · , t
±1
k ], vi ∈ X(π(Mi)) and evMi : C[t
±1
2 , · · · , t
±1
k ] → C
is the evaluation map at the point in (C∗)k−1 corresponding to the maximal ideal Mi of
C[t±12 , · · · , t
±1
k ] for 1 ≤ i ≤ l. Since for each i, X(π(Mi)) is an integrable gaff -module, from
the description of the Lc(g)-action on Xpi, it is clear that Xpi is an integrable L
c(g)-module.
Let
L(Xpi) = Xpi ⊗ C[t
±1
2 , · · · , t
±1
k ],
be the Tk(g)-module on which the Lie algebra action is defined by :
Y ⊗ f.(w ⊗ f ′) = (Y ⊗ f.w)⊗ ff ′, c.(w ⊗ f ′) = 0, ∀ c ∈ Z ′1,
di.(w ⊗ f
′) = w ⊗ di(f
′), for 2 ≤ i ≤ k, d1.w ⊗ f
′ = d1(w) ⊗ f
′,
(4.1)
INTEGRABLE REPRESENTATIONS OF THE TOROIDAL LIE ALGEBRAS 17
where Y ∈ gfin⊗C[t
±1
1 ]⊕CK1, f, f
′ ∈ C[t±12 , · · · , t
±1
k ] and w ∈ Xpi. For M ∈ supp(π), let vM
be the highest weight vector of X(π(M)) and let
vpi := vM1 ⊗ vM2 ⊗ · · · ⊗ vMl .
Clearly vpi ∈ L(Xpi)
+
aff and U(haff⊗C[t
±1
2 , · · · , t
±1
k ]).vpi is a Z
k−1-graded subspace of L(Xpi)
+
aff .
Let
Ann
haff⊗C[t
±1
2 ,··· ,t
±1
k
](vpi) = {a ∈ U(haff ⊗ C[t
±1
2 , · · · , t
±1
k ])| a.vpi = 0}
and
Api := U(haff ⊗ C[t
±1
2 , · · · , t
±1
k ])/Annhaff⊗C[t±12 ,··· ,t
±1
k
](vpi).
It is easy to see that Api is a Z
k−1-graded algebra and
Api = ⊕
m∈Zk0
Api[m],
where for each m ∈ Zk0 ,
Api[m] = {h1 ⊗ t
m1h2 ⊗ t
m2 · · · ∈ U(haff ⊗C[t
±1
2 , · · · , t
±1
k ]) with m
i ∈ Zk0, and
∑
i
mi =m}.
For π ∈ Π let
Gpi := {m = (0,m2, · · · ,mk) ∈ Z
k
0 : Api[m] 6= 0}.
From the definition of the action of Tk(g) on L(Xpi) (4.1) it is clear that
h⊗ tm.vpi = (
r∑
i=1
π(Mi)(h) evMi(t
m))vpi ⊗ t
m = 0, ∀ m ∈ Zk0 −Gpi. (4.2)
As vpi 6= 0, it thus follows from (4.1) and the definition of the L
c(g)-module action on Xpi that,
(
r∑
i=1
π(Mi)(h) evMi(t
m)) = 0, ∀ m ∈ Zk −Gpi.
It has been shown in [Kh] that Gpi is a subgroup of Z
k−1 of finite index. We shall refer
to Gpi as the group associated with π ∈ Π and denote the corresponding quotient group by
Gpi = Zk−1/Gpi.
The following results have been proved in [R2, Proposition 3.5, Theorem 3.18, Example 4.2],
[R3].
Proposition. For π ∈ Π, let vpi be the highest weight vector of the L
c(g)-module Xpi. Then
the following hold.
i. Given g ∈ Zk0
Xgpi = U(Tk(g)).vpi ⊗ t
g,
is an irreducible Tk(g)-module.
ii. Every irreducible Tk(g)-module of non-zero level which has finite-dimensional weight space
is isomorphic to Xgpi for some π ∈ Π and g ∈ Zk0.
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iii. L(Xpi) is completely reducible as a Tk(g)-module. In fact, as a Tk(g)-module, L(Xpi) is
isomorphic to the direct sum of the irreducible Tk(g)-modules X
g
pi , where the direct sum is
taken over representatives of distinct cosets of Gpi in Z
k−1. In other words, for g,p ∈ Zk0 with
g − p ∈ Gpi, X
g
pi = X
p
pi and
L(Xpi) = ⊕X
g
pi ,
where each summand Xgpi appears with multiplicity one.
4.4. Notice that for b = (b2, · · · , bk) ∈ (C
∗)k−1 the map sb : C[t
±1
2 , · · · , t
±1
k ]→ C[t
±1
2 , · · · , t
±1
k ]
given by ti 7→ biti, i = 2, · · · , k is an isomorphism. Denote by b.M the image of a maximal
ideal M of C[t±12 , · · · , t
±1
k ] under the isomorphism sb. Define an action of (C
∗)k−1 on Π by:
b.π(M) = π(b.M), for all M ∈ maxC[t±12 , · · · , t
±1
k ].
With this notation we have the following result from [Kh] on the isomorphism classes of
irreducible representations of Tk(g).
Proposition. Given π, π′ ∈ Π, g,g′ ∈ Zk0, the irreducible Tk(g)-modules X
g
pi and X
g′
pi′ are
isomorphic if and only if there exists b ∈ (C∗)k−1 such that
i. supp(π′) = {b.M :M ∈ supp(π)}.
ii. For each M ∈ supp(π), there exists one-dimensional gaff -module ZM such that X(π(M))⊗
ZM is isomorphic to X(π
′(b.M)) as a gaff -module.
iii. g − g′ ∈ Gpi.
From the description of the action of Lc(g) on Xpi, it is clear that for all π ∈ Π, Xpi is a
representation for the quotient
⊕
M∈supp(pi)
(gfin ⊗C[t
±1
1 , t
±1
2 , · · · , t
±1
k ]/M ⊕Z1)⊕Cd1 of the Lie
algebra Lc(g) and the following is an immediate consequence of Proposition 4.4.
Corollary. Given π, π′ ∈ Π, the irreducible Lc(g)-modules Xpi and Xpi′ are isomorphic if and
only if π′ = b.π for some b = (b2, · · · , bk) ∈ (C
∗)k−1. i.e., there exists b = (b2, · · · , bk) ∈
(C∗)k−1 such that supp(π2) = {b.M :M ∈ supp(π1)}, and for each M ∈ supp(π1), there exists
one-dimensional gaff -module ZM such that X(π1(M))⊗ZM is isomorphic to X(π2(b.M)) as
a gaff -module.
4.5. For any Tk(g)-module V in I
(me1)
fin , let V
∨ = ⊕µ∈P (V )V
∗
µ ⊆ V
∗ be the graded dual.
Define a Tk(g)-module structure on V
∨ by
(x⊗ tm.f)v = −f(ω(x)⊗ tm.v), x ∈ gaff , m ∈ Z
k
0, v ∈ V,
where ω is the Cartan involution on gaff (Section 2.4). With this Tk(g)-module structure
we denote V ∨ by V ω˜. Clearly the Tk(g)-module V
ω˜ is an object of I
(me1)
fin . Using the finite-
dimensionality of the weight spaces of objects in I
(me1)
fin it can be seen that if V has finite-length
then V ω˜ also has finite-length. Thus the functor sending V to V ω˜ is exact and contravariant on
J+int. Furthermore using Proposition 2.4(iii), it follows that for π ∈ Π, L(Xpi) is isomorphic to
L(Xpi)
ω˜ as Tk(g)-module. Hence there exists π
ω˜ ∈ Π such that L(Xpi)
ω˜ is isomorphic to L(Xpiω˜)
and, if π1, π2 ∈ Π are such that wt(π1)− wt(π2) ∈ Q
+\{0}, then wt(πω˜2 )− wt(π
ω˜
1 ) /∈ Q
+.
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5. Highest ℓ-weight integrable modules in I∗fin
We now recall from [RFS] results on highest weight indecomposable Tk(g)-modules in I
∗
fin.
5.1. Given a Cartan subalgebra haff of gaff , set
Tk−1(haff ) := haff ⊗ C[t
±1
2 , · · · , t
±1
k ]⊕Z ⊕Dk
Lc(h) := haff ⊗C[t
±1
2 , · · · , t
±1
k ]⊕Z1 ⊕ Cd1
Definition. Let V be an integrable Tk(g)-module in I
∗
fin. A non-zero weight vector v ∈ V
+
aff
of weight Λ is said to be a highest ℓ-weight vector, if U(Tk−1(haff )).v is an indecomposable
Tk−1(haff )-submodule of V and dim(U(Tk−1(haff ))v)Λ+δm ≤ 1 for allm ∈ Z
k
0 . A Tk(g)-module
is said to be highest ℓ-weight if V = U(Tk(g))v for some highest ℓ-weight vector v ∈ V .
Clearly, Xgpi is a highest ℓ-weight modules for all π ∈ Π and g ∈ Zk0.
5.2. In the category I
(0)
fin, the notion of Weyl modules was defined in [CP3] in the case
k = 1. In [RFS] the notion of Weyl modules was defined for a Lie algebra of the form G⊗A,
where G is a Kac-Moody Lie algebra and A is a commutative associative algebra with unity.
We recall here the definition and properties of these modules. We shall need them in Section 6.
Proposition. For π ∈ Π with wt(π) = Λ, let Wpi be the L
c(g)-module generated by a vector
wpi satisfying the following conditions:
n+aff ⊗ C[t
±1
2 , · · · , t
±1
k ].wpi = 0, h.wpi = Λ(h)wpi, ∀ h ∈ haff
(x−αi)
Λ(αi)∨+1.wpi = 0, for i = 1, 2 · · · , n + 1
h⊗ tm.wpi = (
∑
M∈supp(pi) evM (t
m)π(M)(h))wpi , ∀ h⊗ t
m ∈ haff ⊗ C[t
±1
2 , · · · , t
±1
k ].
(i) Wpi is an integrable L
c(g)-module with finite-dimensional weight spaces.
(ii) Xpi is the unique irreducible quotient of Wpi.
(iii) Let V be an integrable Lc(g)-module with finite-dimensional weight spaces generated by a
weight vector v such that
n+aff ⊗ C[t
±1
2 , · · · , t
±1
k ].v = 0, h.v = Λ(h)v, ∀ h ∈ haff
(x−αi)
Λ(αi)
∨+1.v = 0, for i = 1, 2 · · · , n+ 1
h⊗ tm.v = (
∑
M∈supp(pi) evM (t
m)π(M)(h))v, ∀ h⊗ tm ∈ haff ⊗ C[t
±1
2 , · · · , t
±1
k ].
Then V is isomorphic to a quotient of Wpi.
(iv) Suppose π1, π2 ∈ Π are such that π = π1 + π2 and supp(π1) ∩ supp(π2) = ∅, then
Wpi ∼=Lc(g) Wpi1 ⊗Wpi2 .
(v) For M ∈ maxC[t±12 , · · · , t
±1
k ], let πΛ,M ∈ Π be the function such that supp(πΛ,M ) = {M}
and wt(πΛ,M ) = Λ. Then, WpiΛ,M is spanned by elements of the form
(Y1 ⊗ f
r1
1 )(Y2 ⊗ f
r2
2 ) · · · (Ys ⊗ f
rs
s )wpiΛ,M ,
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where s ∈ N, Yi ∈ gaff , fi ∈ M and, 0 ≤ ri < Λ(β
∨
i ) when Yi = x
−
βi
⊗ gi with βi ∈ R
+
fin and
gi ∈ C[t
±1
1 ] and 0 ≤ ri < max1≤j≤n
Λ(α∨j ) when Yi ∈ hfin ⊗ C[t
±1
1 ] for i = 1, · · · , s.
Proof. Part (i) is proved in [Kh, Lemma 4.3]. For part (ii), note that wpi ∈ (Wpi)
+
aff ,
P c(Wpi) ⊆ Λ−Q
+
aff and dim(Wpi)Λ = 1. Hence Wpi has a unique irreducible quotient. Since,
by Proposition 4.3 and Corollary 4.4, the orbits of Π under the natural action of Ck−1 on
it, parametrizes the isomorphism classes of irreducible integrable Lc(g)-modules with finite-
dimensional weight spaces, it follows from Section 4.3 thatXpi is the unique irreducible quotient
of Wpi.
(iii) Since V is an integrable Lc(g) and αi for 1, 2, · · · , n+1 are real roots, using the representa-
tion theory of sl2(C) it is easy to see that if h.v = Λ(h)v for all h ∈ haff then (x
−
αi)
Λ(α∨i )+1v = 0
for i = 1, · · · , n + 1. Hence it follows that V = U(Lc(g)).v is a quotient of Wpi.
(iv) This was proved in a more general setup in [RFS, Section 4, Section 5].
(v) It was shown in [Kh, Proposition 4.3] that Wpi is spanned by elements of the form
(Y1 ⊗ (t
m1)r1)(Y2 ⊗ (t
m2)r2) · · · (Ys ⊗ (t
ms)rs)wpiΛ,M ,
where s ∈ N, Yi ∈ gaff , mi ∈ Z
k
0 and, 0 ≤ ri < Λ(β
∨
i ) when Yi = x
−
βi
⊗ gi with βi ∈ R
+
fin and
gi ∈ C[t
±1
1 ] and 0 ≤ ri < max
1≤j≤n
Λ(α∨j ) when Yi ∈ hfin ⊗ C[t
±1
1 ] for i = 1, · · · , s. Further by
[RFS, Section 5],
x−β ⊗ f
Λ(β).wpiΛ,M = 0, ∀ f ∈M,
and all positive real roots β of gaff . These together imply the assertion of part(v) of the
proposition. 
Remark. From part(iv) of the above proposition, it is clear that, if supp(π) = {M1, · · · ,Mr}
and Wpi ∼=Lc(g) ⊗
1≤j≤r
Wpij , with πj ∈ Π such that supp(πj) = {Mj} and πj(Mj) = π(Mj) for
j = 1, · · · , r, then Wpi is spanned by elements of the form w1⊗w2⊗ .. · · ·⊗wr where wj ∈Wpij
and, hence, wt(wj) ⊆ π(Mj)−Q
+
aff , for j = 1, · · · , r.
Corollary. Suppose ψ ∈ Π is such that Xψ is a L
c(g) irreducible constituent of Wpi for π ∈ Π.
Then, supp(ψ) = supp(π) and, for each M ∈ supp(π), π(M)− ψ(M) ∈ Q+aff .
Proof. Follows from part(iv) and part(v) of the above proposition. 
5.3. Given a Lc(g)-module V , let L(V ) := V ⊗C[t±12 , · · · , t
±1
k ] and define a Tk(g)-module
structure on L(V ) as follows :
(Y⊗f)(w⊗a) = (Y ⊗f.w)⊗fa, d1(w⊗f) = d1(w)⊗f, di(w⊗f) = w⊗di(f), ∀ i = 2, · · · , k,
where Y ⊗ f ∈ gfin ⊗ C[t
±1
1 , · · · , t
±1
k ]⊕Z1, w ∈ V and f, a ∈ C[t
±1
2 , · · · , t
±1
k ].
Observe that L defines a functor from the category of integrable Lc(g)-modules to the
category of integrable Tk(g)-modules and direct sums and short exact sequences are preserved
under the functor L.
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Proposition. Let π ∈ Π and Lg(Wpi) = U(Tk(g)).wpi ⊗ t
g, for g ∈ Zk0.
i. For g,g′ ∈ Zk0, L
g(Wpi) = L
g′(Wpi) if and only if g−g
′ ∈ Gpi. Furthermore, identifying
Zk0 with Z
k−1, we see that
L(Wpi) = ⊕L
g(Wpi),
where the direct sum is taken over representatives of distinct cosets of Gpi in Z
k−1.
ii. Let V be a highest ℓ-weight Tk(g)-module generated by a vector v ∈ V
+
aff such that
h.v = wt(π)(h)v, ∀ h ∈ haff , di(v) = giv, for i = 2, 3, · · · , k
h⊗ f.v = (
∑
M∈supp(pi)
evM (f)π(M)(h))v ⊗ f, ∀ h⊗ f ∈ haff ⊗ C[t
±1
2 , · · · , t
±1
k ]. (5.1)
Then V is a quotient of Lg
′
(Wpi) where g
′ ∈ Zk0 is such that g
′ − (0, g2, · · · , gk) ∈ Gpi.
iii. If V is a Lc(g)-module quotient of Wpi and v is the image of wpi in V , then for s ∈ Z
k
0,
Ls(V ) = U(Tk(g))(v ⊗ t
s) is a highest ℓ-weight module and identifying Zk0 with Z
k−1,
we have
L(V ) = ⊕Ls(V ),
where the direct sum is taken over representatives of distinct cosets of Gpi in Z
k−1.
Considering the isotypical components of the finite abelian group Gpi, the first part of the
proposition can be proved in the same way as [CG, Proposition 5.5(ii)]. For the second part,
note that if V is a highest ℓ weight module generated by a vector v satisfying the conditions
(5.1), then similar arguments as in [Kh, Section 4.3] show that one can uniquely associate with
V a quotient of the Lc(g)-module Wpi. Now using the first part of the proposition, it will then
follow that V is quotient of Lg(Wpi) for some g ∈ Z
k
0 . For part(iii) of the propsition observe
that if V is a Lc(g)-module quotient of Wpi, then by the exactness of the functor L, L(V ) is a
quotient of L(Wpi). Now part (iii) follows from part(i) of the proposition.
6. Vanishing of Ext1 in J±int
6.1. Let Ξ be the set of all finitely supported functions ξ : maxC[t±12 , · · · , t
±1
k ] → Z × Γ.
Since Z and Γ are abelian groups with respect to addition operation, regarding Z × Γ as
the direct product of abelian groups, it is easy to see that addition of functions defines on
Ξ the structure of an additive abelian group in an obvious way. Denoting the images of the
fundamental weights {ωi}1≤i≤n in Γ by {ω¯i}1≤i≤n, for for M ∈ maxC[t
±1
2 , · · · , t
±1
k ], define
ξn+1,M(S) =
{
(1, 0) if S =M,
(0, 0) otherwise
ξi,M(S) =
{
(a∨i , ω¯i) if S =M,
(0, 0) otherwise
∀ 1 ≤ i ≤ n,
where a∨i is the integer labelling the ith-node in the Dynkin diagrams given in Table 1.
Clearly Ξ is a free abelian group generated by the set of elements {ξi,M : 1 ≤ i ≤ n+1,M ∈
maxC[t±12 , · · · , t
±1
k ]}. Define an action of (C
∗)k−1 on Ξ by
(b.ξ)(S) = ξ(b.S),
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where b = (b2, · · · , bk) ∈ (C
∗)k−1 and S ∈ maxC[t±12 , · · · , t
±1
k ]. Let Ξ¯ be the set of orbits in Ξ
under this action and given ξ ∈ Ξ, let ξ¯ denote the orbit of ξ in Ξ¯.
Define a map χ : Π→ Ξ as follows. For π ∈ Π, let
χ(π)(M) =
{
(π(M)(K1), π(M)|hfin mod Qfin), if M ∈ supp(π)
(0, 0), otherwise
Remarks. (1) It follows from Corollary 5.2 that if Xψ is a L
c(g)-irreducible constituent of
Wpi for π, ψ ∈ Π, then χ(π) = χ(ψ).
(2) Since L(Wpi) is spanned by elements of the form w⊗f with w ∈Wpi and f ∈ C[t
±1
2 , · · · , t
±1
k ],
it follows from Corollary 5.2 and Proposition 5.3 that if Xsψ is Tk(g)-irreducible constituent of
Ls(Wpi), then χ(ψ) = χ(π).
6.2. As J +int is an abelian category consisting of finite-length objects of I
(me1)
fin , for each
m ∈ N, the objects in Jmint can be written as the direct sum of indecomposables. We say two
indecomposable objects U1 and U2 in J
+
int are linked and write U1 ∼ U2 if there exists a family of
indecomposable objects U1 = U , U2, · · · , Ur = V in J
+
int such that either homJ+int
(Ui, Ui+1) 6= 0
or homJ+int
(Ui+1, Ui) 6= 0 for all i = 1, · · · r− 1. It is easy to see that ∼ induces an equivalence
relation on J +int and the corresponding equivalence classes are called the blocks in J
+
int. Each
block is a full abelian subcategory and the category J+int is the direct sum of the blocks.
Clearly, if Ext1
J+int
(X,X ′) 6= 0 for two irreducible objects X,X ′ in J +int, then X ∼ X
′.
One of the ingredients that lead towards the block decomposition of J+int is the following
vanishing result for Ext1.
Proposition. Given π, ψ ∈ Π such that χ(π) 6= χ(ψ),
Ext1
J+int
(Xgpi ,X
s
ψ) = 0, ∀ g, s ∈ Z
k
0 .
In particular, if V is linked to Xgpi and χ(π) 6= χ(ψ) then
Ext1
J+
int
(V,Xsψ) = 0, ∀ s ∈ Z
k
0.
The arguments in the proof are similar to those in [CG, Proposition 6.5]. We give the details
here for the sake of completeness.
Proof. For a contradiction assume that there exists an integrable indecomposable Tk(g)-module
V with finite-dimensional weight spaces such that
0→ Xsψ
ι
→ V
ρ
→ Xgpi → 0 (6.1)
is a non-split short exact sequence. Applying the exact contravariant functor ω˜ (if necessary)
we may assume that wt(ψ)− wt(π) /∈ Q+.
Let wt(π) = Λpi and wt(ψ) = Λψ. Since V is a finite-length object of J
+
int, by Corollary 3.6,
V +aff is a non-zero subspace of V . Let v ∈ V
+
aff be a non-zero vector, then ρ(v) ∈ X
g
pi is such
INTEGRABLE REPRESENTATIONS OF THE TOROIDAL LIE ALGEBRAS 23
that X.ρ(v) = 0 for all X ∈ n+aff ⊗ C[t
±1
2 , · · · , t
±1
k ]. As Λψ 6> Λpi, either ρ(v) ∈ (X
g
pi )
+
aff or
ρ(v) = 0. If ρ(v) ∈ (Xgpi )
+
aff , then the weight of ρ(v) and hence of v with respect to htor, is
Λpi + δp, where p ∈ Z
k
0 is such that p− g ∈ Gpi. If ρ(v) = 0, then v ∈ Ker(ρ) = Im(ι). Hence,
v is the image under ι of an element in (Xsψ)
+
aff and the weight of v with respect to htor is
Λψ + δr, where r ∈ Z
k
0 is such that r− s ∈ Gψ.
Since (6.1) is non-split and Λψ 6> Λpi, there exists a non-zero vector v0 ∈ V
+
aff such that
ρ(v0) = vpi ⊗ t
g. Let V = U(Tk(g)).v0 and V0 = U(Tk−1(haff )).v0. As Λψ 6> Λpi, for all v ∈ V0,
X.ρ(v) = 0 for X ∈ n+aff ⊗ C[t
±1
2 , · · · , t
±1
k ]. Hence it follows from the above discussion that
V0 ⊂ V
+
aff ⊆ V
+
aff . Furthermore, if v1, v2 ∈ V0 is such that ρ(v1) = ρ(v2), then v1 − v2 ∈
(Xsψ)
+
aff . Thus we get,
V0 = ⊕
m∈Zk0
VΛpi+δm
∼=Tk−1(haff ) ⊕
m∈Zk0
((Xgpi )Λpi+δm + (X
s
ψ)Λpi+δm). (6.2)
If dimVΛpi+δm ≤ 1 for all m ∈ Z
k
0, then V is a highest ℓ-weight module and, hence, by
Proposition 5.3, it is a quotient of Lg(Wpi). This implies that every irreducible quotient of V is
also an irreducible constituent of Lg(Wpi). But, by Remark 6.2(2), if X
s
ψ is a Tk(g)-irreducible
constituent of Lg(Wpi), then χ(π) = χ(ψ). Hence, V cannot be a highest ℓ-weight module.
Thus, there exists r ∈ Zk0 such that dim(V0)Λpi+δr > 1. By (6.2), this is possible only
if Λpi = Λψ = Λ and, since every irreducible Tk(g)-module is a highest ℓ-weight module,
dimVΛ+δr = 2. In particular, dimVΛ+δm = 2, for all m ∈ Z
k
0 such that m− r ∈ Gpi ∩Gψ. For
each m ∈ Gpi ∩Gψ , fix an ordered basis {u1,m, u2,m} of VΛ+δm such that ρ(u1,m) ∈ X
g
pi and
u2,m ∈ ι(X
s
ψ), that is,
ρ(u1,m) = vpi ⊗ t
m, and u2,m = ι(vψ ⊗ t
m). (6.3)
For i = 1, 2, define algebra homomorphisms φi : U(Tk−1(haff ))→ C, by
φ1(h⊗ t
n) =
∑
M∈supp(pi)
π(M)(h) evM (t
n), ∀ h⊗ tn ∈ Tk−1(haff ),
φ2(h⊗ t
n) =
∑
M∈supp(ψ)
ψ(M)(h) evM (t
n), ∀ h⊗ tn ∈ Tk−1(haff ).
Since ι is injective, by (4.2) and (6.3), for all n ∈ Gψ, h ⊗ t
n.u2,m = φ2(h ⊗ t
n)u2,m+n.
Also, for any c ∈ C, the vector uc1,m = u1,m + cu2,m ∈ V0 is such that ρ(u
c
1,m) = vpi ⊗ t
m.
Therefore, for n ∈ Gpi ∩Gψ, h⊗ t
n.u1,m lies in the span of {u1,m+n, u2,m+n} and is of the form
h⊗ tn.u1,m = φ(h⊗ t
n)u1,m+n + Cu2,m+n.
Since χ(π) 6= χ(ψ), π and ψ are distinct functions in Π. Hence by (4.2), for some m ∈
Gpi ∩Gψ, there exists H ∈ U(Tk−1(haff ))n such that φ1(H) 6= φ2(H) and
H.u1,m = φ1(H)u1,m+n + cu2,m+n, H.u2,m = φ2(H)u2,m+n, (6.4)
where c ∈ C. Let ̺ : VΛ+δm+n → VΛ+m be the isomorphism of vector spaces defined by
̺(ui,m+n) = ui,m for i = 1, 2. Then the matrix of ̺ ◦ H : VΛ+δm → VΛ+δm with respect to
the ordered basis {u2,m, u1,m} is upper triangular and has distinct diagonal entries namely
φ2(H) and φ1(H). This implies that ρ ◦ H is diagonalizable. Since u2,m is an eigenvector
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with eigenvalue φ2(H), for some c ∈ C, u
c
1,m must be an eigenvector of ̺ ◦H corresponding
to the eigenvalue φ1(H). On the other hand as u2,m ∈ U(Tk−1(haff )).u
c
1,m, there exists
H0 ∈ U(Tk−1(haff ))0 such that
u2,m = H0u
c
1,m. (6.5)
Since χ(π) 6= χ(ψ), one of the following holds.
(i) For all b ∈ (C∗)k−1, supp(π) 6= b. supp(ψ).
(ii) supp(π) = b. supp(ψ) and there exists M ∈ supp(π) ∩ b. supp(ψ) such that ψ(M) /∈
π(M) +Qaff .
Suppose (i) holds. Then for each b ∈ (C∗)k−1, there exists m ∈ supp(π) such that m /∈
b. supp(π). Let
Im = (
⋂
N∈b. supp(ψ)
N) ∩ (
⋂
N∈supp(pi)−{m}
N).
Then choosing f ∈ Im, we see that h⊗f.u2,m = 0 but h⊗f.H0u1,m 6= 0 which is a contradiction
to (6.5).
Now suppose (ii) holds and
IM = (
⋂
N∈b. supp(ψ)−{M}
N).
Then, by (4.2) and (6.4), for f ∈ IM of the form f =
∑l
i=1 ait
ni ,
h⊗ f.u2,m = ψ(M)(h)(
l∑
i=1
ai evM (t
ni)u2,ni+m). (6.6)
On the other hand, as [h⊗ f,H0] = 0, we get
h⊗ f.H0.u
c
1,m = (π(M)(h)H0.(
l∑
i=1
ai evM (t
n
i )u1,ni+m) +X, (6.7)
where X lies in the linear span of {u2,m+ni : i = 1, · · · , l}. Since f 6= 0(i,e, there exists
1 ≤ i ≤ l such that ai 6= 0), π(M) is a dominant integral weight, for each r ∈ Gpi ∩ Gψ,
{u1,r, u2,r} is linearly independent and evM t
m 6= 0 for M ∈ maxC[t±12 , · · · , t
±1
k ], it follows
from (6.6), (6.7) and (6.5), that there exists 1 ≤ i ≤ l for which H0.u1,ni+m = 0. This imples
that H0.v = 0 for all v ∈ V0. In particular, u2,m = 0 which is a contradiction. Hence the
proposition.
As every object in J+int has finite-length, applying induction on the length of a module in J
+
int,
it is easy to see that, if V is an object of J +int which is linked to X
g
pi , then ExtJ+int
(V,Xsψ) = 0
whenever χ(ψ) 6= χ(π). 
6.3. We now define the finitely supported functions of type I and type II.
Definition. Given a finitely supported function π ∈ Π we shall say
(i). π is of type I if for all M ∈ suppπ, π(M)(K1) < (θ|θ).
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(ii). π is of type II if there exists M ∈ suppπ such that π(M)(K1) ≥ (θ|θ).
By abuse of language we shall refer to an irreducible Tk(g)-module X
r
pi as type I(respectively
type II) module whenever π ∈ Π is of type I(respectively type II).
Proposition. Let π ∈ Π be a finitely supported function of type I. Then for g ∈ Zk0, L
g(Wpi)
is an irreducible Tk(g)-module.
Proof. Let πΛ,M ∈ Π be the finitely supported function such that
supp(πΛ,M ) = {M} and πΛ,M (M) = Λ.
By Proposition 5.2(iv), we have
Wpi ∼=Lc(g) ⊗
M∈supp(pi)
Wpipi(M),M .
We show that when π ∈ Π is of type I, then for each M ∈ supp(π), Wpipi(M),M is irreducible as a
Lc(g)-module and hence is isomorphic to its irreducible quotient Xpipi(M),M . As a consequence,
Wpi ∼=Lc(g) Xpi. By Proposition 5.2(ii) and Proposition 5.3, it thus follows that in this case,
Lg(Wpi) ∼=Tk(g) X
g
pi for all g ∈ Zk0 and hence the result.
Since the Lc(g)-module Wpi has finite-dimensional weight spaces, and π(M)(α
∨
n+1) > 0 for
all M ∈ supp(π), by Proposition 2.4(ii), Wpipi(M),M is completely irreducible when considered
as a module for gaff .
For each m ∈ Zk0, consider the map φm : gaff t
m ⊗Wpipi(M),M →Wpipi(M),M defined by
φm(x⊗ t
m, w) = (x⊗ tm)w, for x ∈ gaff , w ∈Wpipi(M),M .
Clearly, φm is a gaff -module map, where the the action of gaff on the first factor is given
by the adjoint representation. Now replacing the maps {φr}r∈Z in [CL, Theorem 4] by the
maps {φm}m∈Zk0
and using the result Proposition 2.4(iv) in place of [CL, Theorem 3], the
same proof as [CL, Theorem 4] shows that Wpipi(M),M is an irreducible L
c(g)-module whenever
π(M)(α∨n+1) < θ(θ
∨). This completes the proof of the proposition. 
6.4. The following is a result on the vanishing of Ext1 betweem two type I irreducible
Tk(g)-modules.
Proposition. Suppose gfin is not of type Bn, Cn, F4 or G2. Let π, ψ ∈ Π be two finitely
supported functions of type I such that χ(π) = χ(ψ). Then Ext1
J+int
(Xgpi ,Xsψ) = 0 if X
g
pi is not
isomorphic to Xsψ as Tk(g)-modules.
Proof. Firstly note that, θ(θ∨) = 4 when gfin of type Cn, and θ(θ
∨) = 2 otherwise. Therefore,
if gfin is not of type Cn and π ∈ Π is of type I, then for all M ∈ supp(π), π(M)(K1) = 1.
Now observe that if gfin is not of type Bn, Cn, F4 or G2, then by (2.1), (2.4) and Table 1,
given γ ∈ Γ, there exists a unique Λ ∈ P+aff such that Λ(K1) = 1 and Λ|hfin ≡ γ mod Qfin.
Hence, if supp(π) = b.supp(ψ), for b ∈ (C∗)k−1 then for each M ∈ supp(π) ∩ b. supp(ψ),
π(M) = ψ(Mb), whereMb ∈ supp(ψ) is such that b.Mb =M . By Corollary 4.4 it thus follows
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that, Xpi is isomorphic to Xψ as a L
c(g)-module. Thus to prove the result it is sufficient to
show that Ext1
J+int
(Xgpi ,Xspi) = 0 whenever g− s /∈ Gpi.
For a contradiction assume that, given g, s ∈ Zk0 with g − s /∈ Gpi, there exists an indecom-
posable Tk(g)-module V such that
0→ Xspi
ι
→ V
ρ
→ Xgpi → 0, (6.8)
is a non-split short exact sequence in J +fin. Since for all g ∈ Z
k
0, X
g
pi
∼=Tk(g) X
0
pi ⊗Cδg , tensoring
the sequence (6.8) by Cδ−r for some r ∈ Z
k
0 if necessary, we may assume that g ∈ Gpi.
As Paff (X
s
pi) ⊆ wt(π) − Q
+
aff , there exists a non-zero weight vector v ∈ V such that
ρ(v) = vpi ⊗ t
g and
n+aff ⊗ C[t
±1
2 , · · · , t
±1
k ].v = 0, h.v =
∑
M∈supp(pi) π(M)(h).v, ∀ h ∈ haff ,
h⊗ f.v = 0, ∀ h ∈ haff , f ∈ ∩
M∈supp(pi)
M, c.v = 0, ∀c ∈ Z ′1.
Let V = U(Tk(g)).v. Then, following the same arguments as in Proposition 6.3, we see that
V+aff is a non-zero subspace of V
+
aff . Furthermore, if V0 = U(Tk−1(haff )).v, then,
(V0)Λpi+δm
∼=Tk−1(haff ) (X
g
pi )Λpi+δm ⊕ (X
s
pi)Λpi+δm , ∀ m ∈ Z
k
0.
By Proposition 4.3, Λpi + δm ∈ P (X
g
pi ) if and only if g−m ∈ Gpi. Since, by choice g− s /∈ Gpi,
given m ∈ Zk0 such that (V0)Λpi+δm 6= 0,
(V0)Λpi+δm
∼=Tk−1(haff ) (X
g
pi )Λpi+δm or (V0)Λpi+δm
∼=Tk−1(haff ) (X
s
pi)Λpi+δm .
This implies that dim(V0)Λpi+δm ≤ 1 for each m ∈ Z
k
0, that is, V is a highest ℓ-weight module
with unique irreducible quotient Xgpi . Hence by Proposition 5.3, V is a quotient of  L
g(Wpi). But
by Proposition 6.3, Lg(Wpi) is an irreducible Tk(g)-module whenever π is of type I. So, V ∼=Tk(g)
Lg(Wpi) ∼=Tk(g) X
g
pi and by Proposition 4.4, Xspi ∩ V = 0. This proves the proposition. 
Remark. There are two reasons why in the above proposition we exclude the cases when gfin is
of type Bn, Cn, F4 and G2. Firstly, for gfin of type Bn, µ1 = Λn+1 and µ2 = Λn+1+ω1 are both
dominant integral weights for which µ1(K1) = µ2(K1) = 1 and (µ2 − µ1)|hfin ∈ Qfin. Hence
in this case, the arguments used in proposition do not work. Moreover, since µi(K1) < θ(θ
∨),
the methods used in Section 7.1 to show the linkage between two irreducible Tk(g)-modules of
type II cannot be used. Similarly, for gfin of type G2(respectively, type F4), µ1 = Λn+1 and
µ2 = Λn+1 + ω2 (respectively, µ2 = Λn+1 + ω4) are both dominant integral weights for which
µ1(K1) = µ2(K1) = 1 and (µ2 − µ1)|hfin ∈ Qfin and in the case when gfin is of type Cn, for
l = 1, 2, 3 there exists distinct dominant integral weights µ, µ′ such that µ(K1) = µ
′(K1) = l
and (µ − µ′)|hfin ∈ Qfin, so the arguments of Proposition 6.4 do not work. Also, since, in
this case, θ(θ∨) = 4, the methods of Section 7.1) to show the linkage between irreducible
Tk(g)-modules of type II do not work.
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7. The Main Results
7.1. We begin with the following proposition.
Lemma. Let µ1, µ2 ∈ P
+
aff . Supppose there exists a non-zero gaff -module homomorphism
φ : gaff ⊗X(µ1) → X(µ2). Then, for each M ∈ maxC[t
±1
2 , · · · , t
±1
k ], the following formulas
define an action of Lc(g)-module on X(µ1)⊕X(µ2):
x⊗ tm(v,w) = (evM (t
m)x.v, evM (t
m)x.w + evM (
k∑
i=2
∂
∂ti
(tm))φ(x ⊗ v)), (7.1)
where x ∈ gaff , m ∈ Z
k
0, v ∈ X(µ1), w ∈ X(µ2). Denoting this module by X(µ1, µ2,M), it
follows that
0→ Xpiµ2,M → X(µ1, µ2,M)→ Xpiµ1,M → 0 (7.2)
is a non-split short exact sequence of Lc(g)-modules. In particular if µ1 > µ2, there exists a
canonial Lc(g)-module surjective homomorphism Wpiµ1,M → X(µ1, µ2,M).
Proof. It is straightforward to check that the formula (7.1) gives a Lc(g) module structure on
X(µ1) ⊕ X(µ2). As L
c(g).Xpiµ2,M ⊆ Xpiµ2,M , Xpiµ2,M is a L
c(g)-submodule of X(µ1, µ2,M).
Furthermore, since φ is a non-zero homomorphism we see that X(µ1, µ2,M) is an indecompos-
able Lc(g)-module and the sequence (7.2) is non-split. For the second part of the proposition,
the proof is the same as in [CM, Proposition 3.4]. 
Proposition. Let π1, π2 ∈ Π be two finitely supported functions of type II such that χ(π1) =
χ(π2). Suppose gfin is of type An,Dn, E6, E7, E8. Then, there exists π˜1 ∈ Π and a sequence
ψ0, ψ1, · · · , ψr of finitely supported functions of type II with χ(ψj) = χ(π1) for j = 0, 1, 2, · · · , r
such that up to tensoring by one-dimensional modules Xpi1 is isomorphic to Xp˜i1, ψ0 = π˜1, ψr =
π2, and either Ext
1
Lc(g)(Xψj ,Xψj+1) 6= 0 or Ext
1
Lc(g)(Xψj ,Xψj−1) 6= 0 for each j ∈ {0, 1, · · · , r}.
Proof. First consider the case when (π1(M)|Λn+1) = (π2(M)|Λn+1), for all M ∈ supp(π1).
Since π1 is a function of type II, there exists M ∈ supp(π) such that π(M)(K1) ≥ θ(θ
∨).
Let π11 , π
2
1 ∈ Π be such that supp(π
1
1) = M , π
1
1(M) = π1(M), supp(π
2
1) = supp(π1) − {M},
π21(N) = π1(N) for all N ∈ supp(π1). Then π1 = π
1
1 + π
2
1 .
By Proposition 2.7, there exists Λ ∈ P+aff with Λ(K1) = π1(M)(K1) such that Λ =
π1(M) + α for some α ∈ Qfin and either Hom(gaff ⊗X(π1(M)),X(Λ)) 6= 0 or Hom(gaff ⊗
X(Λ),X(π1(M))) 6= 0. This implies that there exists a non-split sequence of the form
0→ Xpipi1(M),M
ι
→ V
ρ
→ XpiΛ,M → 0,
or
0→ XpiΛ,M
ι
→ V
ρ
→ Xpipi1(M),M → 0.
Tensoring the non-split sequence by Xpi21 and setting ψ1 = πΛ,M + π
2
1, we see that either
Ext1Lc(g)(Xψ1 ,Xpi1) 6= 0 or Ext
1
Lc(g)(Xpi1 ,Xψ1) 6= 0. Applying Proposition 2.7, and repeating
the method we get the desired sequence.
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Suppose there existsM ∈ supp(π1) such that (π1(M)|Λn+1) 6= (π2(M)|Λn+1). Then defining
π˜1 ∈ Π by
π˜1(M) =


π1(M), ifM ∈ supp(π1) is such that ((π2(M)|Λn+1) = (π1(M)|Λn+1)),
π1(M) + ((π2(M)|Λn+1)− (π1(M)|Λn+1)), ifM ∈ supp(π1) is such that
(π2(M)|Λn+1) 6= (π1(M)|Λn+1),
we see that up to tensoring by one-dimensional modules, Xp˜i1 is isomorphic to Xpi1 by Corol-
lary 4.4. Now, by the first part of the proof, there exists a sequence of functions ψ1, · · · , ψr
satisfying the desired conditions. This completes the proof of the proposition. 
7.2. For l ∈ N, let Sl = {Λ ∈ P+aff : Λ(K1) = l, and Λ|hfin(θ
∨) ≤ l}.
Proposition. Let π ∈ Π be a finitely supported function of type II such that Gpi is a proper
subgroup of Zk0.
i. If for some M ∈ supp(π) with π(M)(K1) ≥ θ(θ
∨), π(M) − α ∈ Spi(M)(K1) for some
α ∈ Q+fin, then there exists ψ ∈ Π such that L(Xψ) is simple and L(Xψ) ∼ L
s(Xpi) for
some s ∈ Zk0.
ii. If for some M ∈ supp(π) with π(M)(K1) ≥ θ(θ
∨), π(M) + α ∈ Spi(M)(K1) for some
α ∈ Q+fin, then L
s(Xpi) ∼ L
r(Xpi) for all s, r ∈ Z
k
0.
Proof. Since Gpi is a proper subgroup of Z
k−1, by Equation (4.2) in Section 4.3,∑
N∈supp(pi)
π(N)(α∨i ) evN (t
m) = 0, ∀ i = 1, · · · , n + 1 ∀ m ∈ Zk0 −Gpi. (7.3)
As π ∈ Π is a function of type II, by Proposition 2.7, there exists M ∈ supp(π) such that
Λ = π(M) + β ∈ Spi(M)(K1) for some non-zero β ∈ Qfin and there exists a non-split sequence
of the form
0→ Xpipi(M),M
ι
→ V
ρ
→ XpiΛ,M → 0, or 0→ XpiΛ,M
ι
→ V
ρ
→ Xpipi(M),M → 0. (7.4)
Further, as β ∈ Qfin is non-zero, β(α
∨
i ) 6= 0 for some 1 ≤ i ≤ n, and hence it will follow from
(7.3) that, ∑
N∈supp(pi)
π(N)(α∨i ) evN (t
r) + β(α∨i ) evM (t
r) 6= 0, ∀ r ∈ Zk0 . (7.5)
Let π′ ∈ Π be such that supp(π′) = supp(π)−{M} and π′(N) = π(N) for all N ∈ supp(π′)
and let ψ ∈ Π be the function ψ = πΛ,M +π
′. Then by (7.5), Gψ = Z
k
0 and by Proposition 5.3,
L(Xψ) is an irreducible Tk(g)-module.
i. If β ∈ Q−fin, then applying the functor ω˜ if necessary, we get a non-split sequence
0→ XpiΛ,M
ι
→ V
ρ
→ Xpipi(M),M → 0, (7.6)
with π(M)|hfin > Λ|hfin . Since tensoring byXpi′ is an exact functor and the functor L preserves
short exact sequences, it follows that
0→ L(Xψ)
ι
→ L(V ⊗Xpi′)
ρ
→ L(Xpi)→ 0, (7.7)
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is a short exact sequence. As wt(π) > wt(ψ), and Xpi is an irreducible quotient of V ⊗Xpi′ ,
by Proposition 5.3, L(V ⊗ Xpi′) =
⊕
Ls(V ⊗ Xpi′) and for each s ∈ Z
k
0 , L
s(V ⊗ Xpi′) is a
quotient of Ls(Wpi). Thus, in this case there exists s ∈ Z
k
0 such that Ext
1
J+int
(Xspi, L(Xψ)) 6= 0
and Ext1
J+int
(Xrpi, L(Xψ)) = 0 for all r ∈ Z
k
0 such that r− s /∈ Gpi.
ii. If β ∈ Q+fin, then applying the functor ω˜ if necessary, we get a non-split sequence
0→ Xpipi(M),M
ι
→ V
ρ
→ XpiΛ,M → 0, (7.8)
with π(M)|hfin < Λ|hfin . As above, tensoring by Xpi′ and applying the functor L to (7.8) we
obtain the short exact sequence
0→ L(Xpi) = ⊕ L
s(Xpi)
ι
→ L(V ⊗Xpi′)
ρ
→ L(Xψ)→ 0. (7.9)
Since wt(ψ) > wt(π), Xψ is an irreducible quotient of V ⊗Xpi′ , and L(Xψ) is an irreducible
Tk(g)-module. Moreover, by Proposition 5.3, L(V ⊗ Xpi′) is a highest ℓ-weight quotient of
L(Wpi) and for each s ∈ Z
k
0, L
s(Xpi) is an irreducible submodule of L(V ⊗Xpi′). This implies
that, in this case, the simple Tk(g)-modules L
s(Xpi) are linked to L(Xψ) for all s ∈ Z
k
0 and
completes the proof of the proposition. 
7.3. We say that a module V ∈ J +int has spectral character ξ¯ ∈ Ξ¯ if χ(π) = ξ¯ for every
irreducible component Ls(Xpi) of V . Given ξ¯ ∈ Ξ¯, let J
+
ξ¯
be the subcategory consisting of all
modules V ∈ J+int with spectral character ξ¯.
The following propsition proves that if V, V ′ are irreducible objects of J+
ξ¯
for some ξ ∈ Ξ,
then V is linked to V ′. To prove the result we need the following elementary lemma.
Lemma. Let λ1, · · · , λr be a set of dominant integral weights of gaff and let a1, · · · , ar ∈ C
∗
be a set of r distinct non-zero complex numbers. Assume that there exists a positive integer m
such that for all h ∈ haff ,
r∑
i=1
λi(h)a
s
i = 0, whenever s 6≡ 0 mod m. (7.10)
Then r ≡ 0 mod m. Moreover there exists a permutation τ of {1, · · · , r} such that
λτ(1) = λτ(2) = · · · = λτ(m),
λτ(m+1) = λτ(m+2) = · · · = λτ(2m),
...
...
λτ(r−m+1) = · · · = λτ(r),
and complex numbers a(1), · · · , a(p) such that
aτ(1) = ǫma(1), aτ(2) = ǫ
2
ma(1), · · · , aτ(m) = ǫ
m
ma(1),
aτ(m+1) = ǫma(2), aτ(m+2) = ǫ
2
ma(2), · · · , aτ(2m) = ǫ
m
ma(2),
...
...,
aτ(r−m+1) = ǫma(p), aτ(r−m+2) = ǫ
2
ma(p), · · · , aτ(r) = ǫ
m
ma(p),
where p = r/m and ǫm is a primitive m
th root of unity.
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Proposition. Let π ∈ Π be a finitely supported function of type II. If gfin is of type
An,Dn, E6, E7 or E8, then X
s
pi ∼ X
r
pi for all r, s ∈ Z
k
0.
Proof. Since π is of type II, there exists M ∈ supp(π) such that π(M)(K1) ≥ θ(θ
∨). If
for some M ∈ supp(π) with π(M)(K1) ≥ θ(θ
∨), π(M) + α ∈ Spi(M)(K1), for α ∈ Q+fin,
then by Proposition 7.2, Ls(Xpi) ∼ L
r(Xpi) for all s, r ∈ Z
k
0 . It thus remains to prove the
proposition in the case when π(M) + α /∈ Spi(M)(K1), for all α ∈ Q+fin and M ∈ supp(π) with
π(M)(K1) ≥ θ(θ
∨).
If Gpi = Z
k
0, then X
s
pi = L(Xpi) = X
r
pi for all s, r ∈ Z
k
0 and there is nothing to prove.
Now assume thatGpi is a proper subgroup of Z
k
0. By the structure theory of finitely generated
abelian groups, there exists a basis y1,y2, · · · ,yk−1 of Z
k
0 such that
Gpi = m1y1Z⊕m2y2Z⊕ · · · ⊕mk−1yk−1Z,
with mi|mi+1 for 1 ≤ i ≤ k − 2 and mi > 1 for at least one i. Then by Equation (4.2) in
Section 4.3, for all h ∈ haff and 1 ≤ i ≤ k − 1,∑
M∈supp(pi)
π(M)(h) evM (y
s
i ) = 0, whenever s 6≡ 0 mod mi. (7.11)
We now prove the proposition by applying induction on the integer k − 1.
If k − 1 = 1, then enumerating the maximal ideals in supp(π) appropriately, it will follow
from Lemma 7.3 that there exists maximal ideals M(1), · · · ,M(p) of C[t
±1
2 ] such that
π(M1) = π(M2) = · · · = π(Mm), · · ·
π(Mr−m+1) = · · · = π(Mr),
(7.12)
and complex numbers a(1), · · · , a(p) such that
M1 = ǫmM(1), M2 = ǫ
2
mM(1), · · · , Mm = ǫ
m
mM(1), · · · ,
Mr−m+1 = ǫmM(p), Mr−m+2 = ǫ
2
mM(p), · · · , Mr = ǫ
m
mM(p),
(7.13)
where p = r/m and ǫm is a primitive m
th root of unity.
On the other hand, since π is of type II, and by the assumption, that for all M ∈ supp(π)
with π(M)(K1) ≥ θ(θ
∨), π(M) + α /∈ Spi(M)(K1) for all α ∈ Q+fin, there exists N ∈ supp(π)
such that π(N)− α ∈ Spi(M)(K1) for some α ∈ Q+fin.
Suppose N =M1. Now let j = 1, · · · ,m set
ψj =
r∑
i=1
i6=j
πpi(Mi),Mi + πpi(Mj)−α,Mj ,
and let
ψ =
r∑
i=m+1
πpi(Mi),Mi +
m∑
j=1
πpi(Mj)−α,Mj .
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Using Lemma 7.3, it is easy to see that Gpi = Gψ = m1Z and by Proposition 7.2, L(Xψj )
is a simple T2(g)-module such that L(Xψj ) is linked to X
s
ψ for all s ∈ Z. Furthermore,
Ext1
J+int
(Xrpi, L(Xψj )) 6= 0 for some 0 ≤ r < m1.
Now using the conditions (7.12) and (7.13), and the action of h ⊗ t2 on a highest weight
vector of L(Xψj ), it can be easily verified using (4.2) that for j = 1, 2, · · · ,m, Z/mZ acts by
the irreducible character ǫj−1m1 on L(Xψj ). Hence, following the arguments of [CG, Proposition
5.5(ii)], it follows that L(Xψj ) is linked to X
j−1
pi . Since L(Xψj ) ∼ X
j−1
pi and Xrψ ∼ L(Xψj ) for
all r, j ∈ {0, 1, · · · ,m1}, it follows from the transitivity of ∼ that X
r
pi ∼ X
s
pi for all r, s ∈ Z.
Now assume k − 1 > 1. Since mi|mi+1 for all i, and mi > 1 for some i,∑
M∈supp(pi)
π(M)(h) evM ((y1y2 · · ·yi)
s) = 0, whenever s 6≡ 0 mod mi. (7.14)
As π(M) ∈ P+aff for allM ∈ supp(π) and (7.14) holds for all i ∈ {1, · · · , k−1}, evM (y1y2 · · · yi)
cannot be equal for all M ∈ supp(π). Therefore grouping together the coeffients for all M ∈
supp(π) for which evM (y1y2 · · ·yi) are equal, we get an equation of the form (7.10). Now
using Lemma 7.3 in (7.14), for 1 ≤ i ≤ k − 1, and following the same arguments as above, it
can be seen that Xrpi ∼ X
s
pi for all s, r ∈ Z
k
0. 
7.4. We finally state and prove the main result of the paper.
Theorem. Let Tk(g) be a toroidal Lie algebra with underlying finite-dimensional Lie algebra
of one of the following types An,Dn, E6, E7, E8. Then every indecomposable Tk(g)-module V
in J +int is an object of J
+
ξ¯
for some ξ ∈ Ξ. Moreover, if there exists π ∈ Π of type I such that
χ(π) = ξ¯, then the irreducible components of V are all isomorphic.
Proof. We prove the result by applying induction on the length of the indecomposable Tk(g)-
module V . Suppose V is of length 1. Then V is irreducible and isomorphic to Xspi for some
π ∈ Π. In this case V ∈ J +
χ(pi)
and we are done.
If V is not irreducible then we have an extension
0→ Xspi
ι
→ V
ρ
→ U → 0, (7.15)
for some π ∈ Π and s ∈ Zk0 .
As U ∈ ObJ +int, it can be written as the direct sum of indecomposable Tk(g)-modules
Uj, j = 1, · · · , r. Notice that the length of each Tk(g)-module Uj is strictly less than the
length of V . Therefore, by inductive hypothesis there exists ξj ∈ Ξ such that every irreducible
componentX
gij
piij of Uj for j = 1, · · · , r is such that χ(πij) = ξj . If ξj 6= χ(π) for some 1 ≤ j ≤ r,
by Proposition 6.2, ExtJ 1int
(Uj ,X
g
pi ) = 0, which implies that there exists a direct summand of
V that is isomorphic to Uj . This contradicts our assumption that V is indecomposable.
If there exists π ∈ Π of type I such that χ(π) = ξ¯, then it follows from Proposition 6.4 that
in the sequence (7.15), every irreducible component of U must be isomorphic to Xspi. 
32 TANUSREE KHANDAI
7.5. Remark. The methods used in this paper cannot be extended to determine and char-
acterize the blocks of J+fin in the case when the underlying finite-finite Lie algebra of Tk(g)
is not simply-laced. This is because the results proved here, are dependent on the fact that
whenever λ ∈ P+fin is such that lΛn+1+ λ ∈ P
+
aff for l ≥ θ(θ
∨), there exists a sequence {ηλ,r}r
of the form described in Proposition 2.7, such that
htw(ηλ,r) ≤ ht
w(λ) ≤ λ(θ∨) ∀ r ∈ N,
and ηλ,r = ωi for some i ∈ J0 when λ 6≡ 0 mod Qfin and ηλ,r = θ when λ ≡ 0 mod Qfin.
However, for gfin of type Bn, Cn, F4 or G2, though a sequence of the desired form can be
obtained for all fundamental weights λ with htw(λ) > 1, one cannot obtain such a sequence
for λ ∈ P+fin with ht
w(λ) = 1.
When gfin is of type Bn, Cn or F4 and λ is a fundamental weight with ht
w(λ) = 1 and
λ ≡ 0 mod Qfin, we see that
htw(λ+ w(θ)) > max{λ(θ∨), htw(λ)}, and htw(θ + w(θ)) ≥ htw(λ)
for all w ∈Wfin with λ+ w(θ), θ + w(θ) ∈ P
+
fin, and
htw(λ+ θ − β) > max{λ(θ∨), htw(λ)}, and htw(2θ − β) ≥ htw(λ)
for all β ∈ R+fin with λ+ θ − β, 2θ − β ∈ P
+
fin.
For gfin of type Cn, n ≥ 2, J0 = {1}, θ(θ
∨)=4 and htw(λ) = 1 for all fundamental weights
λ. The case when λ ≡ 0 mod Qfin has been discussed above. Now, consider the case when λ
is a fundamental weight such that λ 6≡ 0 mod Qfin. Then, using the relations,
2ωi = 2ωi−1 + 2(αi + αi+1 + · · ·+ αn−1) + αn, for 2 ≤ i ≤ n, 2ω1 = θ,
ωi = ω1 + ωi−1 + [θ − (
∑i−1
i=1 αj + 2(αi + · · · + αn−1) + αn)], for 2 ≤ i ≤ n,
(7.16)
we see that any sequence {ηj,ωi}j for 2 ≤ i ≤ n, is such that ηj,ωi = ωk + ωp for some 1 ≤ k
and p = 1 or 2 and htw(ωk +ωp) > 1. Hence, in this case also, one cannot obtain sequences of
the desired form.
Similarly, when gfin is of type G2, one cannot obtain a sequence of the desired form for
λ = ω2. Using Proposition 2.6(i) and (iii), we see that, Proposition 2.6(iii) cannot be applied
here and for all w ∈ Wfin, ht
w(ω2 + w(θ)) > max{ht
w(ω2), ω2(θ
∨)} and htw(w(ω2) + θ) >
max{htw(ω2), ω2(θ
∨)} whenever ω2 +w(θ) ∈ P
+
fin or w(ω2) + θ ∈ P
+
fin.
As a consequence, in each of the above cases, one cannot obtain sequences of the desired
form for λ =
∑n
i=1 riωi ∈ P
+
fin with ri 6= 0, for i ∈ I − J0 such that ht
w(ωi) = 1.
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